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ABSTRACT

In this thesis we approach three different problems concerning statistical properties of
dynamical systems. In the first problem we study the dimension theoretical properties of
infinite entropy ergodic invariant measures for a certain family of one dimensional maps
in the unit interval. The main difficulty in our setting is that the infinite entropy condition
makes several of the standard tools in ergodic theory unavailable. We bypass this
difficulty by using more refined covering that allow us to see the asymptotic interaction
between the measure we are interested in and the Lebesgue measure. Our main result
provides an almost sure value for the lower and upper local dimensions of the measure.
In the second problem, we study the limit laws of non-stationary dynamical systems com-
prised of intermittent (non-uniformly hyperbolic) maps in the unit interval. In particular,
give large deviations probabilities bounds for sequential and random systems, as well as
establish a central limit theorems and determine the role that random centering plays on
them. The techniques we use differ from the usual spectral methods used for uniformly
hyperbolic systems, and are based on concentration inequalities and new results in the
area.

In the final problem, we study statistical properties of self-affine systems. In particular,
we are interested in the asymptotic properties of equilibrium measures for the system:
we prove that such measures are not mixing, and we prove the existence of zero-one laws
for shrinking target problems.
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CHAPTER

INTRODUCTION

The theory of dynamical systems has a long history and has developed in many different
forms. The common philosophy is to consider abstract models of systems which evolve in
time according to certain laws. Throughout its history, this theory has found applications
and motivations from diverse fields, including modeling of traffic, weather, kinematics,
biological systems, among others. While the theory started with systems evolving in

continuous time, nowadays it also deals with systems evolving in discrete time steps.

One of the main and historically first objects of study in dynamical systems are deter-
ministic systems. In this context laws of evolution of the system are known and given
the state of the system at time n, we can determine the state of the system at time n + 1.
Deterministic systems have the advantage that, given an initial condition, we know the
state at any time. However, there are still many challenges. For example: if we have
limited precision for our measurement of the current state of the system, then as we
iterate the evolution law of our system, this error may grow in time, thus our predictions
of the future states of the system will have a much larger uncertainty than we would
wish. This phenomenon is known as sensitivity to initial conditions and is one of the
defining characteristics of chaotic systems. It is particularly prevalent in systems with
some degree of hyperbolicity, a property which for us will mean that the evolution law is
such that it pushes away points in a certain direction, and brings together points in a
different direction. Some of the mathematical tools used in order to build a theoretical
framework for this theory include measure and probability theory, functional analysis,

complex analysis, geometric measure theory, among others.
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CHAPTER 1. INTRODUCTION

The theory also considers random dynamical systems, in which the laws of evolution
change over time according to random laws, or are known up to a certain degree of
uncertainty. In this case, we cannot predict the state of the system once we let it evolve,
but we can only make statistical predictions about it. The results in this context can be

classified in three different categories:

1. Sequential: here the results are proved for all realizations of the random laws of

evolution,

2. Annealed: here the results are proved for the average realization of the random

laws of evolution,

3. Quenched: here the results are proved for almost all the realizations of the random

laws of evolution.

Note that in the last two categories, a notion of a probability distribution of the evolution
laws is needed. This problem is addressed by introducing the notion of noise space, which
drives the evolution of the system. The idea is to consider all the different possible
evolution laws as outcomes of a random selection process.

Writing a comprehensive history of the area is far beyond the scope of this thesis, so we
mention three key milestones in the theory which are fundamental for the investigations

developed in this thesis.

1. In [P0i90l, Poincare formulated what today is known as the Poincare’s recurrence
theorem (see theorem [2.1.12), which states that under certain conditions, most
trajectories of our system visit infinitely often all subsets of the underlaying space

of the system which have positive measure.

2. In [Bir31l, Birkhoff gives a quantitative version of Poincare’s result: his Ergodic
theorem shows that the frequency at which trajectories return to a given set is

proportional to the measure of such set.

3. Inspired by the work of Shannon, [Sha48], Kolmogorov and Sinai introduced (see
[Kol58], [Kol59] and [Sin59]) the concept of Entropy in the context of dynamical
systems. This notion tries to capture the idea of growth of complexity of the systems
as they evolve in time, and represents an invariant which enables us to distinguish

systems which are not equivalent.

Despite the nuances in the different approaches to dynamical systems, there are three

objects at the heart of the theory: phase space, composition of transformations and orbits
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of points in the phase space. The phase space represents a set which we will let evolve in
time. The evolution of the phase space is represented by the successive composition of a
family of endomorphisms of the phase space. The orbits represent, for each point of the
phase space, the set consisting of all the images of such point under the compositions
of the family of endomorphisms. One of the central problems in dynamical systems is
understanding the behavior of orbits for a given family of endomorphisms.

When studying the behavior of orbits, there are two main paradigms to choose such
orbits (paradigms which are not mutually exclusive): the topological one, in which we
are interested in generic points in the sense of all points belonging to an open dense
set exhibiting similar orbit behavior, and the measure theoretic one, in which we are
interested in generic points in the sense of all points belonging to a set of total measure
exhibiting similar orbit behavior. In our investigation, we focus on the second point of
view. How we choose to measure the phase space is a non-trivial issue, which will be
addressed when pertained.

The dynamical systems considered can be of a physical nature, where the phase space
represents the set of configuration of a mechanical system, the transformations are the
laws of evolution of such set of configurations, and the orbits are the physical trajectories
of the objects. Examples can also arise in a mathematical setting. For instance, it is
common to let the phase space represent a set of numbers and the endomorphisms of the
space a set of transformation of such numbers.

In this thesis, we will focus on situations arising from considering mathematical objects.

In particular, our results pertain to three different settings:
1. Iterations of uniformly expanding maps of the unit interval,

2. Composition of sequences, taken either deterministically or at random, of non-

uniformly expanding maps of the unit interval,
3. Composition of sequences of contractions on the real plane.

In each of the settings we investigate different problems, however in each case we study
the properties of the measures with which we look at our phase spaces with: statistical
properties, geometric properties and combinations of both.

In the first problem, we study maps belonging to a family that generalizes the Gauss map.
We are interested in understanding some geometric properties of probability measures
which are invariant and ergodic with respect to such maps, and posses some asymptotic

independence properties (Gibbs/Bernoulli measures) as well as infinite entropy with
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CHAPTER 1. INTRODUCTION

respect to the map. The kind of properties we are interested in are related to fractal
geometry: we would like to understand the concentration of mass at local scale around a
typical point with respect to the measure (the local dimension of the measure). In the
context of finite entropy, the local dimension can be calculated almost everywhere in
terms of the entropy and the average exponent of the derivative of the map (Lyapunov
exponent), using standard techniques of fractal geometry: coverings by cylinders and
metric estimates of their diameters, as well as measure estimates of their mass. When
the entropy is infinite, these methods no longer work, as they rely on asymptotic results
such as the Ergodic Theorem and the Shannon-McMillan-Breiman theorem, which are
no longer valid in our context. To tackle this difficulty, we use finer coverings, as well as

some tools of infinite ergodic theory.

In the second problem, we consider both deterministic and random compositions of maps
belonging to a certain family of non-uniformly hyperbolic maps: the Liverani-Saussol-
Vaienti (LSV) maps. The composition can be done according to a fixed sequence of choices
of the maps, or according to a probability distribution defined in a finite collection of maps
from this family. The elements of the LSV family are endomorphisms of [0,1] having
derivative strictly bigger than one in all points but x = 0, where the maps and all of
their compositions have derivative equal to one. We are interested in studying statistical
laws of the considered compositions from the point of view of the Lebesgue measure,
laws such as central limit theorems and large deviations. The methods that have been
historically used to derive these results in the context of uniformly-hyperbolic dynamics
rely heavily on the quasi-compactness of an operator (the transfer operator) associated
to the dynamics of the system. When the maps are no longer uniformly-hyperbolic, the
transfer operator of the system is not quasi-compact, so the methods no longer work. To
overcome this difficulty, we use a martingale approximation method, in which the sums
which are being studied can be written as the sum of a martingale difference and an
error term which can be controlled. Therefore, by keeping track of the induced error, we

can use probabilistic techniques from the theory of martingales in the dynamical setting.

In the third problem, we investigate statistical laws associated to systems consisting of
iterations of different affine contractions of the two-dimensional Euclidean space. These
systems give rise to fractal sets called self-affine sets. The problem of determining the
Hausdorff dimension of such sets has been historically difficult, and the tools and results
developed by Falconer and Kidenméki have substantially pushed forward the subject.
In particular, the construction of Kdenméki measures on the self-affine sets makes it

possible to find the dimension of such sets through equilibrium measures. We investigate
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1.1. STRUCTURE OF THE THESIS

the mixing and zero-one laws for such measures, using recent results by Fraser, Jordan

& Jurga.

1.1 Structure of the thesis

The organization of the thesis, as well as the main results of each section is the following:
Chapter 2} Preliminaries. In this chapter we present the basic terminology and results
needed to establish the results of the subsequent chapters. We introduce standard tools
from ergodic theory that will be used throughout the thesis. We also introduce the
relevant notions of dimension theory, which will be fundamental for chapter 3| Finally,
we also introduce the language of iterated function systems and random and sequential
dynamical systems, which will be the objects of study of chapters |5|and [4| respectively.
Chapter [3} Dimension of measures with infinite entropy. In this chapter, we consider a
class of maps of the unit interval [0, 1], and for each of them, a class of invariant, ergodic
probability measures (see section for the corresponding definitions). The class of
maps is characterized by having coding by a countable alphabet, a symbolic shift and
metric properties which are similar to the ones of the Gauss map, and the measures are
defined in terms of their asymptotic behavior (Gibbs measures), as well as the fact that
they have infinite entropy with respect to the map. Our main result consists of finding
the lower and upper local dimensions of the measure, yielding in particular the values
of the Hausdorff and the packing dimensions of the measure. These results have been
accepted for publication by Nonlinearity, and can also be found in the pre-print [PP18].
After that, we construct an ergodic invariant probability measure which has infinite
entropy with respect to an EMR and positive Hausdorff dimension.

Chapter d} Limit laws for sequential and random dynamical systems. In this chapter
we consider deterministic and random compositions of maps belonging to a class of
non-uniformly hyperbolic maps of the unit interval (Liverani-Saussol-Vaienti maps). For
this class of maps, there is no common invariant probability measure, hence it is natural
to consider the Lebesgue measure as a reference measure. The main results of this
chapter are a large deviations bounds for sequential and random systems, as well as an
upgrade to a central limit theorem proved previously by Nicol, Torok, and Vaienti, and
Hella and Leppéanen. The results of this chapter are joint work with Matthew Nicol and
Andrew Torok from the University of Houston, and have been accepted for publication
in Ergodic Theory and Dynamical Systems. The pre-print version of the article can be
found in [NPPT19].



CHAPTER 1. INTRODUCTION

Chapter 5} Statistical properties of Kaenmdki measures. In this chapter we present the
first results of an ongoing project at the time of writing of this thesis. We investigate
some statistical properties of Kdenméiki measures associated to two dimensional iter-
ated function systems consisting of affine transformations whose linear parts can be
represented using diagonal or anti-diagonal matrices. Our main results show that such
measures are not mixing, and that they satisfy a zero-one law in the context of shrinking
targets.

All logarithms considered in this thesis are in base e.



CHAPTER

PRELIMINARIES

2.1 Measure preserving transformations

The main objects of study of this thesis are dynamical systems and the statistical
properties of measures on the underlying phase space. We provide a general definition,
which will include the systems treated in all chapters of this thesis.

Let (X;,9;) for i = 1,2 be measurable spaces, that is, X; is a set and %, a sigma-algebra
on X;. A function T': X1 — X is measurable if T~1(B) € %, for all sets B € %5. In general
we will take X9 = X1 and %y = %1, or X9 =R and %, the Borel sigma-algebra of R. We
will refer to measurable functions f: X — R indistinctly as random variables, observables

or potentials.

Definition 2.1.1. A (deterministic) dynamical system is an action { of a semigroup S on
a measurable space (X ,9B) such that {(s,-): X — X is measurable for all s€ S. We call X
the phase space.

We think of X evolving according to {(s,-): X — X for different elements of s. For instance,
if 51,89 € S, we can think of the succesive evolved states of X given by {(s1,:): X - X
and then {(s1s9,): X — X.

The main examples of deterministic dynamical systems that we will work with are the

following:

Example 2.1.2. Suppose T': X — X is a measurable function, and consider the semigroup

{T%}i=0, with composition as operation. Then (X,{T"};s0) is a dynamical system. If f is

7



CHAPTER 2. PRELIMINARIES

invertible, then we can also consider the action of the group {T%;e7 on X, and this also

defines a dynamical system.

Example 2.1.3. Suppose S ={T3}1ca is a family of measurable transformations on X,
and consider the free semigroup F(S)={T; 0---oT; :ip € A}. The operation of F(S) is
given by composition of the transformations in S. Here we do not include the empty

product as an identity element of F(S).

A dynamical system represents the basic structure that models evolution of measurable
spaces over time. In order to make measurements of the space and its subsequent evolved
states, we need a measure on the phase space. In general, the phase space can have a
very pathological image after the action of dynamics. To avoid this, we will make certain
assumptions which ensure compatibility between the transformations and the measures

on the phase space.

Definition 2.1.4. Let m be a measure on (X,%), and a measurable transformation
T: X — X. We say that T is non-singular with respect to the measure m if m(T1(A)) =0
if and only if m(A) = 0 for every measurable set A € B. We say that the dynamics ( is

non-singular if all the transformations ((s, ) are non-singular.

A more rigid notion than non-singularity occurs when the transformation do not alter

the structure of the phase space as seen by the measure.

Definition 2.1.5. If the transformation T: X — X is such that m(T~Y(A)) = m(A) for
all measurable sets A € 9B, we say that f is measure preserving (or that the measure is
T-invariant). We say that the dynamics ( is measure preserving if all the transformations

((s,-) are measure preserving.

It is easy to see that a composition of non-singular/measure preserving transformations is
non-singular/measure preserving, thus we can form a category whose objects are measure
spaces and its arrows are non-singular/measure preserving transformations. We will
refer to this category as the category of non-singular/measure preserving transformations.
This means in particular that when we have dynamics given by the action of the free
semigroup generated by a set S, it suffices to check that each of the elements of S is
non-singular/measure preserving to check that the whole action has the same property.
If the sigma-algebra of the phase space is generated by a semi-algebra, then we do not

need to check the equality for all the sigma-algebra but just for the generators:
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2.1. MEASURE PRESERVING TRANSFORMATIONS

Lemma 2.1.6. Suppose that & is a semi-algebra on X such that o(%) = %, and suppose
that the measure  is such that W(T~1(A)) = w(A) for all A € #. Then (T ~X(B)) = w(B) for
all B € 3.

Proof. This is theorem 1.1 in [Wal0O0]. |

The definition of measure preserving transformations can be characterized in terms of

integrals of functions:

Proposition 2.1.7. A transformation T preserves m if and only if

fchTdm:f(pdm
X X

for every ¢ € L'(m).
Proof. This is proposition 1.1.1 [VO16]. [ |

We list now some of the main examples that we are going to work with throughout this

thesis.

Example 2.1.8. Suppose <f is a finite /countable alphabet, and consider the set of infinite
sequences with elements in <f, denoted by X := «/N. The topology of X is the product
topology of the discrete spaces <f, and the sigma-algebra of X is the Borel sigma-algebra
generated by this topology. We define a transformation T on X given by T(w), = w,+1 for
w = (w1,ws,...) € X, or equivalently, T(w) = (w2,ws,...). We call X a symbolic space with
finitely [ countably many symbols, and T the left shift operator on the symbolic space.
The structure of X is best described by the cylinder sets: for every finite sequence
a=(ai,...,ar) € 4%, define the cylinder associated to the sequence a as the set C(a) =
[a1,...,ar]l ={we X : w1 =a1,...,wp = ap). In this case, we say that the length of the
cylinder is k. Note that the collection of all cylinders of length k forms a partition of the
phase space X. The topology of X can also be described as the topology generated by all
cylinders.

Let p =(p1,...) €(0,1)'! be a probability vector. Define a measure won X by setting

k
,U([a]_,...,ak]): Hpai
=1
for all words a = (a1i,...,a;) € L%, for all k = 1. The existence of such measure can be

proved using Kolmogorov’s extension theorem (see theorem 2.1.5 in [Oks13|). We call this

9



CHAPTER 2. PRELIMINARIES

kind of measure a Bernoulli measure. Note that by construction, Bernoulli measures leave
the measure of cylinders invariant under the application of the left shift map. Since the
cylinders generate the sigma-algebra of measurable sets, by lemma we conclude that

the measure is indeed invariant under T.
Example 2.1.9. Let X =1[0,1] and 98 the Borel sigma-algebra. Define the Gauss map by

T:10,1]—[0,1]

1] for x €(0,1]
X

xX —
0 for x=0

The action of T on [0,1] can be visualized as in figure 2.1}

1 1
2

Figure 2.1: Plot of the Gauss Map T'.

Define the Gauss measure uon [0,1] by

1 1
A= —— d
HA) log2fAl+x X

for any measurable set A. We can see that this measure is invariant under T by noticing

that for all sets of the semi-algebra of intervals of [0, 1] one has

0 1 1
T (a,0) = | (— )

si\n+b n+a)’

and consequently

1
> 1 1 & e+l 1 b+1
T Ya,b) = ( , ) = 1( ): ,b)).
T (a,6)) ,;1u n+b n+a logZZ’ ( +b+1) log2 %\a+1 u((a, b))

10




2.1. MEASURE PRESERVING TRANSFORMATIONS

By lemma we concludde that the Gauss measure is invariant under the Gauss map.

In chapter [3| we will define a class of maps of the interval which generalizes the Gauss

map, yet they have similar properties to the ones of the Gauss map.

Example 2.1.10. Let X =[0,1] with the Borel sigma-algebra, and for a €(0,1), define the
Liverani-Saussol-Vaienti (see [LSV99]) intermittent map by
x+2%1 if0<x<1/2,

Tolx) = )
2x—1, if1/2<x<1.

The issue of invariant measures for this class of maps will be addressed in chapter

We describe now the dynamics we study in chapter 5] We do not provide the full details

of the constructions, as this will be provided in the corresponding chapter.

Example 2.1.11. Let X be a closed subset of R, and let {S1,...,Sn: X — X}, with m =2

be a family of contractions:
1Si(x) =S| <cilx—yl

for c¢; €[0,1), which we call contraction ratios of the maps S;. We call the family {S;} an
iterated function system (IF'S). A non-empty compact subset F of X is called an attractor
for the IFS if

F=)s:i®.
i=1

The dynamics of the IF'S on the attractor are given as follows: for a point x € F and an

element we Q=1{1,...,m}N

, we consider the sequence of compositions Sy, 0---08S,, (x).
Note that contrary to sequential systems, the order of the composition is reversed. This is
due to the fact that we are applying different contractions to the underlying set, which

correspond to the inverse branches of expanding maps in the sequential case.

The next theorem gives a first recurrence result for dynamical systems with invariant

measures.

Theorem 2.1.12 (Poincare). Suppose that u is a probability measure and that T is

p-invariant. Then for any measurable set E with u(E) >0, we have that
wWxeE :T*(x)e E i.o. )= uwE).

11



CHAPTER 2. PRELIMINARIES

Proof. This is theorem 1.14 in [Wal00]. [ |

This result says that for each set of positive measure, almost all of its points return to it
infinitely often. In the next section we formulate a quantitative version of this result,

fundamental in ergodic theory.

2.2 Ergodicity and mixing

We have defined a category in which we can do dynamics, namely, the category of measure
preserving transformations. Within this category, we can find transformations which are

in some sense, the irreducible components of measure preserving transformations.

Definition 2.2.1. We say that a measure preserving transformation T : X — X is ergodic
if T"1A = A for a measurable set A, implies that WA)=00r (X \A)=0.

Note that proving that a transformation is not ergodic requires exhibiting a decom-
position of the space X into two subspaces X = X; UX5 of positive measure such that
T7X; cX;.

On the other hand, proving that a transformation is ergodic in general is a hard problem,
and it may require more sophisticated techniques. Ergodicity can be characterized in

terms of the observables of the system

Proposition 2.2.2. The measure i is ergodic with respect to T if and only if the only if
for all f € L? such that f oT = f almost everywhere, then f is constant.

Proof. This is theorem 1.6 from [WalO0O]. [ |

For the rest of the section we assume that the measures we work with are probability
measures (we can assume they are finite and then normalize to obtain a probability
measure). Despite the notion of ergodicity being about irreducibility of the dynamics, it
has strong consequences on the asymptotic behavior of the dynamics.

We formulate now one of the foundational results on ergodic theory, namely, the Birkhoff

Ergodic Theorem:

Theorem 2.2.3 (Birkhoff). Suppose that the measure u is T-invariant and that f is an

integrable observable. Then there exists a T-invariant function f € L! such that

1 n-1 =R
lim = Y foT*x)=f(x) ae,
and [y fdu= [y fdu. If wis ergodic, then f is constant and equal to [y fdp.

12



2.2. ERGODICITY AND MIXING

Proof. This is theorem 1.4 from [Wal0Q]. [ |

In most applications we will consider ergodic systems. If that is the case and we take
f =14 for a positive measure measurable set A, then the conclusion of the ergodic
theorem is that asymptotically, the ratio of the time spent in A by the orbit of a generic
point is proportional to the measure of A. As this quantitative result only depends on
the measure of A, we can think of it as an equidistribution result. In the words of G.D.
Birkhoff (see [Bir31l)

‘ The Ergodic Theorem then says: for any such measure-preserving transfor-
mation 7T, and for each individual point P (except possibly an exceptional set
of measure 0), there is a definite probability that its iterates under T', from P

on, namely
P,T(P),T%P),... and P,T"X(P), T"%(P),...
fall in any given measurable set M.
Furthermore, then he adds:

‘What the Ergodic Theorem means, roughly speaking, is that for a discrete
measure-preserving transformation or a measure-preserving flow of a finite
volume, probabilities and weighted means tend toward limits when we start
from a definite state P (not belonging to a possible exceptional set of measure

0), and, furthermore, the limiting value is the same in both directions.’

We present now one of the main examples of ergodic dynamics that we will use throughout

this work.

Proposition 2.2.4. Let X =[0,1] be the unit interval and T,u the Gauss map and the
Gauss measure as defined in example Then u is ergodic with respect to T.

Proof. This proof is from [VO16], but we include it as some of its ideas are fundamental

for our investigation. By computing derivatives, it is possible to prove that
IT'@I =1, (T @) =2, IT"@)/T () <2

for all x € (0,1]. Let I(k) = (k%,%) for all £ = 1, and denote by g, the local inverse
of T restricted to I(k). For any finite sequence (a1,...,a,) € NP with p > 2, denote
I(ai,...,ap) ={x €[0,1] : T Y(x) € I(ag), k = 1,...,p}. Then the inverse of T? for the

13



CHAPTER 2. PRELIMINARIES

interval I(ay,...,ap) is given by g4, 00 g4,. The previous metric estimates imply that
for for any z € I(k),

I(log |T" o gr(2)1)'| =

T"(gr(2))g),(2) | ‘ T"(gr(2)) | _
T'(gr(2) | |T'(gr2)?]|~

Then for any two points x,y € I(a1,...,a,), by using the mean value theorem and the

previous estimate, we have

TP p
:ETp;g;: =Y log|T" 0 g4 (TV(x))| ~log|T" o ga (T ()|
j=1

-1

p
< Z|T1(x) Tiy) =23 1T (x)— TP ()
j=1 i=0

/\

p .
Z 212N TP (x) — TP(y)| < 8.

Take two measurable sets E1,E9 cI(a1,...,a), and then by integrating with respect to
the Lebesgue measure m twice, we obtain

m(TP(E1)) _ Jg,(TPYdm _ sMED
m(TP(E2)  [5, I(T?Yldm ~  m(Es)

Now, the density of density of the Gauss measure u with respect to the Lebesgue measure
is bounded above and below:
1 1 1
< < ,
2log2 (1+x)log2 log2

we obtain the same inequality for the Gauss measure

WTHE) _ Jp, (T ldm . u(Ey)
WTHE) [y, (TR dm = W(Es)

for some constant K > 0. Let A < (0,1) be a T-invariant set of positive Gauss measure (and

(2.1)

hence, positive Lebesgue measure). Then by the Lebesgue’s density theorem (corollary
2.14 in [Mat99]), almost every point of A has density 1, that is, for almost everya € A,
A nB(a,r))

im—— =

r—0 w(B(a,r))
Fix such point a, and let {I(a1,...,a;;,)}m>1 be the sequence of intervals such that
T*~Y(a) € I(ap,) for all £ = 1. We apply the estimateto the sets E1 =A°nI(aq,...,a)
and Eg9 =I(ay,...,a;) and obtain

C C

H(A°) SKu(A Nnl(ay,...,ar))
w(0,1) ul(ay,...,ar))
as k — oo. This proves that u(A) =1, and hence pu is ergodic with respect to 7. [ |

-0

(A®) =
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The previous proof is important not only because it shows that the Gauss measure is
ergodic, but also because it introduces a series of techniques which are fundamental
throughout this work, namely, using symbolic coding for the dynamics, the bounded

distortion estimates density arguments.

Proposition 2.2.5. Let X be a symbolic space with alphabet «f ={1,...,m} and let T be
the left shift on X. If uis a Bernoulli measure on X, then  is ergodic with respect to T.

We postpone the proof of this proposition, as it is an easy consequence of a later proposi-
tion.
An important consequence of the ergodic theorem is that it characterizes ergodicity in

terms of asymptotic independence of sets.

Proposition 2.2.6. A measure p is ergodic with respect to T if and only if

171 )
lim = " (T4 NB) = w(A)u(B)
0

n—oon =

for all measurable sets A,B.
Proof. This is Corollary 1.14.2 in [Wal0O0]. [ |

We will refer to this property as asymptotic independence of the means. In what follows
we will define strongers notions of asymptotic independence, which will be central to our

investigation.
Definition 2.2.7. We say that the measure i is mixing with respect to T if

lim W(T™"AnB)=u(A)u(B)

n—o0
for all measurable sets A,B.
This notion is weaker than probabilistic independence but stronger than ergodicity. The
intuition of this definition is the following: we take two subsets of the phase space A,B,
and we let one of them evolve according to the dynamics 7T'. If we wait long enough, its

evolved state T A is virtually independent of B. In particular, if we take B = A we

obtain that the system has a memory loss property.
Corollary 2.2.8. Mixing implies ergodicity.

If the sigma-algebra admits a generator, then we only need to check decay for the

elements of the generating algebra:

15
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Proposition 2.2.9. Suppose & is an algebra of sets such that 98 = 0(&). Then a measure
W is mixing with respect to T if and only if

lim W(T™"AnB)=uA)uB)

n—o00

for all sets A,Be&.
Proof. This is Lemma 7.1.2 in [VO16]. [ |

Mixing can also be characterized in terms of integrals:

Proposition 2.2.10. A measure pu is mixing with respect to T if and only if

limffoT”-gdu—f fd,uf gdu=0
X X X

n—oo

forall f,geL?

Proof. Mixing implies the equality above for indicator functions, and by linearity, it
holds for simple functions. For L! functions, an approximation argument yields the

result. The opposite direction is obvious. n

The quantity above is of great importance by itself, so we will give it a name:

Definition 2.2.11. Let f,g be functions in L?. We define their correlation function with

respect to the dynamics T and the measure pu by

Culf,8) = f foT" gdu- f fdu f gdy.
X X X

One of the main problems of our investigation is to study the rate at which the correlation
function decays with respect to n for a certain class of functions. For more general
dynamics we will need an adapted notion of decay of correlations or loss of memory which
we will introduce in chapter [4]

We will prove now that the symbolic dynamical system is mixing.

Proposition 2.2.12. Let X be a symbolic space with alphabet of ={1,...,m} and let T be
the left shift on X. If pis a Bernoulli measure on X, then u is mixing with respect to T.
Consequently, u is ergodic.

16



2.3. DIMENSION THEORY

Proof. Let A,B be two cylinders in X, that is, there exist two finite sequences a1,...,az

and b1,...,b, such that A =[a1,...,axland B =[b1,...,b,]. Then for any n =1 we obtain

T "PANB= |  [b1,..,bp,i1, esin,@1,...,a2].
(i1yeeesin)EAT

Since the cylinder sets of the same length are disjoint, it follows that
wWT " PAAB)Y = Y ulbi,e,bpyity..nsin,@l,...,ar]
(U1,esin)Ed™

= Z plb1,...,bpluliv,. .., iplula,...,arl

(i1,0mnin)EAT

= ulAlulBl,

proving the first part of the proposition. The ergodicity of u follows from corollary
[ |

We formulate now a related notion of mixing from the topological point of view:

Definition 2.2.13. Let X be a topological space and T : X — X be a continuous transfor-
mation. We say that T is topologically mixing if for any two non-empty open sets U,V,
there exists nog € N such that T""U NV # @ for all n = ny,.

The structure of the set of ergodic measures on a space for a given transformation is
quite complicated. We give one of its properties which will be useful when considering

multiple different ergodic measures for a fixed transformation:

Proposition 2.2.14. Suppose that the sigma-algebra of X can be generated by a count-
able set. Let {u;} be a family of distinct invariant ergodic measures with respect to T. Then
the measures are mutually singular: there exist a family of subsets of X {P;}, pairwise

disjoint, invariant under T such that u;(P;)=1 for all i.

Proof. This is lemma 4.3.3 from [VO16]. [ |

2.3 Dimension theory

In this section we introduce the dimension theory elements we will study throughout

this work. Recall the diameter of a set U < R” is given by

|U| =supfllx—yl :x,y e U},

17
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where the norm is the Euclidian norm of R™. For a cover % of a set X c R", its diameter

is given by
diam% =sup{|U|:U € %}.

Definition 2.3.1. Given X cR" and a =0, the a—dimensional Hausdorff measure of X

is given by

m(X,a) =liminf Y U],
=0 % rey

where the infimum is taken over finite or countable covers % of X with diam% < 6.

It is possible to prove (see section 3.2 of [Fal04]) that there exists a number s € [0,00]
such that m(X,a) = oo for t <s and m(X,a) =0 for ¢ > s, since m(X, a) is decreasing in a
for a fixed set X.

Definition 2.3.2. The unique number
dimyg X =inf{a € [0,00] | m(X, @) = 0}
is called the Hausdorff dimension of X.
We extend the notion of Hausdorff dimension to finite Borel measures on R”:

Definition 2.3.3. Let u be a finite Borel measure on R". The Hausdorff dimension of u is
defined by

dimg p = inf{dimg(Z) | W(R™ \ Z) = 0}.
We define now the analogue notion of Packing dimension:

Definition 2.3.4. We say that a collection of balls {U,},, c R" is a §—packing of the set
E cR" if the diameter of the balls is less than or equal to 0, they are pairwise disjoint
and their centres belong to E. For a € R", the a—dimensional pre-packing measure of E is

given by
— 14 ] [¢1
P(E,a)= %1_1)1(1)sup { ;dlam(Un) }

where the supremum is taken over all 6—packings of E. The a—dimensional packing

measure of E is defined by

p(E,a) = inf«{ZP(Ei,a)}

18
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where the infimum is taken over all covers {E;} of E. Finally, we define the packing

dimension of E by
dim,(E) = sup{s | p(E,a) = oo} = inf{s | p(E,a) = 0}.
We extend the notion of packing dimension to finite Borel measures on R”.

Definition 2.3.5. Let u be a finite Borel measure on R". The Packing dimension of u is
defined by

dim, pu = inf{dim,(Z) | p(R" \ Z) = 0}.

Bounding the Hausdorff dimension from above or the Packing dimension from below
usually involves the use of a single suitable cover of the space, while for bounds from
below and above respectively, we have to deal with every cover of the space. There are
several tools to help with this problem, and we will make use of the so called (local) Mass

Distribution Principles. For this, we introduce the notion of local dimension.

Definition 2.3.6. The lower and upper pointwise dimensions/local dimension of the

measure u at a point x € X are given by

log u(B(x,r))  dx) = limsup log u(B(x, r)).

d =liminf
—”(x) urrilgl logr 0 logr

When both limits coincide, we call the common value the pointwise dimension /local
dimension of p at x and denote it by d,(x) and say that u is exact dimensional if d u(') =

Eﬂ(-) u-almost everywhere.

If d(x) = d, then u(B(x,r)) ~ r? for small values of r. We state now the local version of

the Mass Distribution Principle.

Proposition 2.3.7. Let X cR" and a € (0,00], then
1. If@u(x) > a for u—almost every x € X, then dimg u = «;
2. Ifiu(x) < a for every x € X, then dimg X < a,
3. Ifau(x) > a for u—almost every x € X, then dim, u = a;
4. Ifgy(x) < a for every x € X, then dim, X < a,
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5. We have
dimpg p = ess sup{gﬂ(x) | x € X},
dim, p = ess sup{au(x) | x € X},
Proof. This follows from Proposition 2.3 of [Fal97]. H

In particular, if d u(') is constant almost everywhere, then dimy i is equal to that constant
value. Analogously, if E#(-) is constant almost everywhere, then dim,, i1 is equal to that

constant value.

2.4 Entropy, Lyapunov exponent

In this section we introduce the notions of entropy and Lyapunov exponent, which are
central for the investigation of chapter [3] In this section, (X, %, u) denotes a probability

space. When it is clear from the context, we will not mention 2 and p.

Definition 2.4.1. A partition of X is a finite/countable set &P c 9B such that

#(UP)=1
Pe&
and PNQ =@ for P,Q € 2, P #Q.

If we have two partitions of X, we can compare them with the following relation:

Definition 2.4.2. Let 22,2 be two partitions of X. We say that 2 is finer than & (or &2
is coarser than 2) if every set in 2 is contained in some set of 2, up to a set of measure

zero. In this case we denote &P < 2.

If x is a point of X and & is a partition of X, we denote by 2?(x) the element of &

containing x. Note that the function x — 22(x) is defined p-almost everywhere.

Definition 2.4.3. If {9%;}ic1 is a finite /[ countable family of partitions, we define their join
by

\/é@% = {[’11)itfﬁ E(in}.
el el
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If the collection {27;};c1 consists of finitely many partitions &1,...,22,, we denote their join
by P1Vv...vP,.

Proposition 2.4.4. The join of a family of partitions is a partition. It also holds that
PA<PV.

Proof. For all i € I, there exists a set X; c X of full measure such that Upes, P = X.
Define X =;e; X;, which is a subset of full measure. Then by construction we have that
Uprey,; P = X. On the other hand, if we take two elements of \/;c; 2;, Nicr P; and Nier Q;
with (M;er Pi) N(Nier @:) # @, then taking x € (N;er Pi) N (Nier Qi) we have that x € P; N Q;
for all : € I. So P; = @; for all i, giving a contradiction. The second assertion follows

immediately from the definition. |

We define now the entropy of a partition:

Definition 2.4.5. For a partition &2 of X, we define its entropy by

H, () :=- Z u(P)log u(P).
Pez

Here we follow the convention 0-o0o =0.

In general, the function the entropy of a join is less than the sum of the individual

entropies of the partitions being considered:

Lemma 2.4.6. If 22,2 are partitions of X, then we have that
H,(?Vv2)<H,/(P)+H,2).

Proof. This is the remark after lemma 9.1.5 in [VO16]. |

We introduce now the entropy of a measure preserving transformation. For this, we need

a notion of how to dynamize partitions.

Lemma 2.4.7. If T is a measure preserving transformation and 2 is a partition of X,
then T™"%P :={T™(P):P € 2} is also a partition of X for all n = 1. In this case, we have
that H,(T™"2?) = H(2).

Proof. Note that since T preserves u, we have that

el oy

Pe&p Pep Peo
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On the other hand, for P,Q € 2 we have that T '1PNnT1Q =T 1(PnQ) so if P # @ then
T-1PnT1Q = @, proving that T-122 is a partition of X. Iterating this, the conclusion
follows for T7"22. The second part of the lemma is trivial from the definition of entropy

of a partition. [ |

Now we can define the dynamical iterates of a partition.

Definition 2.4.8. Let T: X — X be a measure preserving transformation on X, and

suppose 2 is a partition of X. We define the n-th dynamical iterate of & by

T "2.

"=\

n—1
i=0

For x € X, the element of 2P™ containing x is denoted by " (x).

We are interested in the sequence of entropies H,(2?") for a given partition 22. This

sequence is subadditive:

Lemma 2.4.9. For any n,m =1 we have H,(?""™) < H,(2?™) + H ,(2").

Proof. This follows immediately from the observation that 2" = ™ v T~™(2") and
lemmas and [ |

The previous lemma implies that the sequence of real numbers a, = H,,(2?") is subaddi-

tive, that is, apm <a, +a,, forall n,m=1.

Lemma 2.4.10 (Fekete). If a, is a subadditive sequence of real numbers, then the limit

lim,, %” exists in [—o00,00) and is equal to inf, %
Proof. This is lemma 3.3.4 in [VO16]. [ |

With this lemma we can consider the asymptotic growth rate of the entropies H,(2?"):

Definition 2.4.11. The entropy of T' with respect to & is defined as h (T, 2?) = lim,, %H (7).
The entropy of T' with respect to u is defined as h(T) = supg h (T, 2?), where the supre-
mum is taken over all partitions with finite entropy. When there is no risk of confusion,

we will denote the entropy by hy.

Example 2.4.12. Consider again (X,T,u) to be a symbolic space with alphabet <f, T
the left-shift and u a Bernoulli measure with probability vector p = (p1,...) € (0,1)%.
There is a natural partition & on X given by & = {C(a) = [al : a € o/}, where the sets
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C(a) are defined as in example The iterates under T of this partition are given
by 2" = {C(a) =la1,...,a,]:a =(a1,...,a,) € L"}. We can compute the entropy of the
partition 2P":

H(P")=- Z DPay---*Pa,108(pay ... Da,)

(ai,...,an)esdl™

==Y ) Pa--Pa; - Pa,108Da;
J (a1,..,ap)esd™

= _Zzpaj logpaj Z Paq "’paj_lpaj+1 *Pa,
J aj a;,itj
= _nzpal()gpaa
a
from where it follows that h(T,2?) = =} 4cy Palogpa.

Computing A ,(T) is in general much harder, as we have to compute a supremum over

all partitions. For this, we have the following theorem:

Theorem 2.4.13 (Kolmogorov-Sinai). Suppose that &2 is a partition with finite entropy
such that o (U, ") = AB. Then h (T)=h (T,2?).

Proof. This is corollary 9.2.5 from [VO16]. [ |

Using the previous theorem we can see that for a Bernoulli measure on the symbolic

space, we have that A ,(T) = =Y ;c.s o log ps. We formulate now a notion of local entropy.
Definition 2.4.14. For a partition 22 with finite entropy, we define the function
1
x— h(T,2,x) = lim ——logu(2?"(x))
n—oo n
and call it the local entropy function.

The local entropy function is well-defined almost everywhere thanks to the Shannon-

McMillan-Breiman theorem:

Theorem 2.4.15 (Shannon-McMillan-Breiman). The limit defining h (T, 2?,x) exists for
p-almost every x € X. The function x — h,(T,2?,x) is integrarble and one has

f hy(T,2,x)du=h(T,2).

X

If T is ergodic with respect to u, then h (T,2?,x) = h (T,2?) for almost every x € X.
Proof. This is Theorem 9.3.1 from [VO16] [
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The previous result, combined with Kolmogorov-Sinai’s theorem give a way to compute
the entropy of a transformation 7' using local analysis of a convenient partition.

Finally, we introduce the notion of Lyapunov exponent. While we introduced entropy
in a general setting, for the Lyapunov exponent we restrict ourselves to maps of the
unit interval, so we can give a definition simple enough for our purposes. For the rest of
this section, X =[0, 1], u a probability measure on X and 7": [0,1] — [0, 1] a u-invariant,

piece-wise differentiable map with —logT' integrable with respect to u.
Definition 2.4.16. We define the Lyapunov exponent of T with respect to u by
Ay :f log|T'|dp.
X
Note that the Lyapunov exponent represents the average exponent of the derivative of

the map 7. In general this is a measure of the expansion properties of the dynamics. By

the chain rule and the ergodic theorem, we have that
1
A= lim —=log [(T") (x)|
n—oo n

for Lebesgue-almost every point x € [0, 1].

2.5 Gibbs measures

In this section we introduce the concept of Gibbs measures, which provides a general-
ization of Bernoulli measures in symbolic spaces. We give a brief motivation for this in
a probabilistic context: suppose that (X, %, u,T) is a probability preserving dynamical
system and ¢: X — R a measurable function. We can construct a time series Z, = o T",
which by invariance of T, is stationary. This process is in general not i.i.d., but in some
concrete cases it can be. Consider for instance (X,4%,u,T) be a Bernoulli shift, and
@(x) = x1, where x = (x1,...) € X = o«/N. We can think of this random variable as sampling
the first digit of random sequences in X, according to the probability measure u. In
this setting, the process Z, = ¢ o T" corresponds to sampling the n-th digit of random
sequences, and as such, it is an i.i.d. process. Gibbs measures allow the time series Z,, to

have a certain degree of dependence. We proceed to introduce their definition:

Definition 2.5.1. Let (X,9%,T) be a symbolic space with alphabet «/. A measure pis a
Gibbs measure for an observable ¢: X — R if there exist constants C >0 and P = P(p)€R
such that

plas,...,anl)

Cl<
exp (—nP(p)+ X} 3 ¢ (Thx))

<C
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for any (ai,...,a,) € 4™ and x € [ay,...,a,]. We call the number P(g) the topological

pressure of .

The regularity of the observable ¢ will play an essential role in the investigation of

chapter (3l In general, Gibbs measures posses nice ergodic properties:

Lemma 2.5.2. Gibbs measures are mixing, and consequently, ergodic.
Proof. This is lemma 1.13 from [Bow08]. |

In general, we will consider Gibbs measures in symbolic spaces and project them to the

unit interval [0, 1] and study the properties of these projected measures.

2.6 Iterated function systems

In example [2.1.11] we introduced the notion of iterated function system in R"™. Let
{S1,...,Smn: X — X} be an IFS with attractor F. The structure of F can be described as
follows: let . be the set of all non-empty compact subsets of X, and define a function
S: ¥ — S by

m

SE)= | Sk(E).

k=1
Lemma 2.6.1. For any non-empty compact set E € & with #,(E)cE for all i, we have
that

F=S*&).
k=0

Proof. This is Theorem 9.1 from [Fal04]]. [ |

Example 2.6.2. Consider X =R, S1 = %x and So = %x + % The the associated attractor F
is the usual Cantor set. In figure the process of applying the different contractions to
the interval [0, 1].

Example 2.6.3. Consider now X =R? and the contractions

1 11 \/§
Si=|Zx+=,=y+ 22
AT S
1 11
=|—-x+ -, -
S2=|3 22)
11
Sa=|=x,=
3 22)
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Figure 2.2: First four iterations of the construction of the Cantor set

Then the associated attractor F is the Sierpinski triangle. In figure we show the fourth
iteration of the process to construct F, that is, we show the set Ujc ¢, S Y(E) with E being

an equilateral triangle.

L
AAAM

A A
An LA L A

Figure 2.3: Fourth iteration of the construction of the Sierpinski triangle.

We can describe the attractor F by making use of the idea of coding. Denote the set of
finite words length n by .%, :={1,...,m}". Then

S*E)=JS; 0---08;,(E).
2

From this and lemma [2.6.1]it follows that if S;(E) c E for all i, then for each x € F and
there exists a sequence (11,...) e{1,...,m}"N such that x € Si 008, (E)forall £ =1.
Thus, we have that

:kﬂ Sij0---08;,(E).
=1
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We are interested in studying the geometric properties of the attractor of IFS. This

problem is in general hard, but for a certain class of IF'S much progress has been made.

Definition 2.6.4. Let {S1,...,S} be an IFS in R". We say the maps S; are similarities if

there exist numbers r; € (0,1) such that
1Si(x) = Si(y) =rilx—yl

for all x,y € R". In this case we call the attractor F of the IFS a self-similar set and the

numbers r; the similarity ratios.

In this case, given that the system satisfies a separation condition (see definition [5.2.1)),
then the Hausdorff dimension satisfies an equation in terms of the ratios r; (see theorem

5.2.2). A more complicated case is when the maps S; are not similarities but linear maps.

Definition 2.6.5. We say that a transformation S: R* — R” is affine if it can be written

as
S(x)=Ax+b,

where A is an n x n matrix and b € R™. If an IFS consists of contracting affine transfor-

mations, we say that the attractor is a self-affine set.

In order to study the dimension theoretical properties of self-affine sets, Falconer intro-
duced in [Fal97] the singular value function. This function keeps track of the rate of
contraction in the strongest directions for products of matrices, and enables us to obtain
precise information about the scale and number of elements of optimal coverings used to

obtain effective bounds for the Hausdorff dimension of attractors.

2.7 Sequential and random dynamical systems

In this section we introduce the general theory of sequential and random dynamical
systems. While for the sake of clarity we do most of it in great generality, we will work in
a context of one dimensional piecewise continuous transformations of the unit interval.
We will limit to the case of dynamics indexed by a discrete set, but a more general
definition can be given. In this section (X, 28, m) represents a probability space. We will

refer to m as the reference measure.
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Definition 2.7.1. A (random) dynamical system consists of a probability space (X, 4 ,P),
a measurable transformation o: X — X such that 0 oP =P, a measurable space (X, B)
and for each w € Z, a measurable transformation T, : X — X of the space (X,98). With

this, we define a random dynamics by

F:ZxX—-XxX
F(w,x)=(o(w), T,(x)).

We will often refer to X as the phase space of the dynamics, and to the maps given by the
individual actions of F(s,-) as the dynamics. For random dynamical systems, we will call
Z the noise space.

The way we think of random dynamical systems is as follows: we sample an element w of
the noise space Z according to the probability distribution P, and this element defines
a sequence {0"(w)}. Associated to each element of the sequence, there is a map Ty (y),
and we compose these maps sequentially: T,, To(w)°Tw, Ty2(y)© To(w)© Tw- The second
component of the iterates of F' gives the composition of this sequences of maps. We define

the n-fold composition of F' with itself by
F(w,x)=(0" (), Ton(yo---0Ty).

The next example is the main example of random dynamical systems that we are going

to work with:

Example 2.7.2. Suppose {T'1,...,Tx} is a finite family of measurable transformations on
X,and p =(p1,...,pm) €(0,1)™ is a probability vector which defines a probability measure
Pon {1,...,m}. Define the noise space X = {1,...,m}N with the probability measure P = P®N
and o(w), = Wy+1, that is, the left shift on . For each element w € 2, define T, =T, so
then F™(w,x) = (0" (w), Ty, oo T,,). We will call this type of random dynamical system

an i.i.d. random dynamical system.

For random dynamical systems, it is often not the case that there exists an invariant
measure for all maps. We need a notion which takes into account the random nature of

random dynamical systems:

Definition 2.7.3. A measure pu on X is called a stationary measure for the random
dynamical system F: Zx X - X x X if

H(A) = fz u(T51A)) dPw)

for all measurable subsets A of X, or equivalently, the measure P® pon X x X is invariant
under F.

28



2.7. SEQUENTIAL AND RANDOM DYNAMICAL SYSTEMS

The previous definition means that the measure p is invariant in average. Now we show

a basic model of sequential and random dynamical systems:

Example 2.7.4. Let X =[0,1] and the transformations T1(x) = 2x (mod 1) and T(x) = 3x
(mod 1). For a given sequence w € {1,2}, define the sequential composition of the maps
T1,Ts according to the sequence w as the sequence of maps I * = T, o---oTy,. Note that
the Lebesgue measure m is invariant for both maps T1,T2, and so is for the sequential
compositions T *. This will not be the case in general for the maps we will study in chapter
4

We can also construct an i.i.d. random dynamical system F: Z x X — X x X with this set

of transformations. A stationary measure for this system is given by P @ m.

In section [2.1| we introduced the notion of non-singular transformations: a measurable
function T': X — X is non-singular with respect to m if m(T"'A) = 0 if and only if
m(A) =0 for A € 8. This means that the transformation 7" does not turn sets of measure
0 into sets of positive measure. One of the consequences of this is that the pushforward
measure T.m is absolutely continuous with respect to m, where T.m(A) = m(T 1A) .

Moreover:

Lemma 2.7.5. If s is an absolutely continuous measure with respect to m, with density

f € LY(m), then T, ur is also absolutely continuous with respect to m.
Proof. This follows immediately from the non-singularity of T' with respecttom. R

By Radon-Nikodym’s theorem (Theorem 8.9 in [Bar14]), the density of the measure T', j1¢

is a function in L1(m).
Definition 2.7.6. We define the transfer operator of T with respect to m as the function

P:LYm)— L'(m)
dT*Nf
dm

We also define the Koopman operator of T' with respect to m as the function

U:L*®°(m)— L*®°(m)
g—geoT.

The transfer operator and the Koopman operator satisfy a duality relation:
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Proposition 2.7.7. For every f € LY(m) and g € L®(m) we have that
f Pf-gdm :f £-Ugdm.
X X

Moreover, Pf is the unique element of L'(m) such that this equality holds for all g €
L*(m).

Proof. First we check that the equality holds: for such choices of f,g we have that

dT*Nf
fPf~gdm:f gdm
b'e x dm
=f gd(Tpy)
X
:f goTduy
X

=f f-goTdm,
X

proving the assertion. To check that Pf is the unique function satisfying the equality,
suppose that there are two functions A1,As € L1(m) such that the equality holds. Then,
taking g =sign(hi— hg) we have that

f|h1—h2|dm:f(h1—h2)gdm
X X

:f hlgdm—f hggdm

X X

:f fgonm—f fgoTdm
X X

= 0,
from where it follows that k1 = ko in L1(m) as claimed. [ |

From this proposition it is easy to see that the transfer operator associcated to 7" is
P", the n-fold composition of P with itself. In this section we will consider compositions
of different maps, and consequently, we will have different transfer operators. More
precisely, consider a collection of non-singular transformations {T';}, on X, with associ-
ated transfer operators {P,},. For any sequence (a1,...,a,), we consider the composition
Ty,0---0Tq,. By applying successively to T'y, o---oT,, we obtain that its transfer
operator is given by P, o---0Pg;,.

Suppose now that the family of maps is finite, so we list it as {T',,...,Tq,,}, and define
Q={aj,...,an} <(0,a). Given a probability distribution on P = (p1,...,pm) on Q, define a

Bernoulli measure P*N on £ = QN by P*Mw:0;, = a;,,...,aj, =ar} = Hf:lp“fi for every
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finite cylinder and extending to the sigma-algebra generated by the cylinders of Z by
Kolmogorov’s extension theorem. This measure is invariant and ergodic with respect to
the shift operator 7 on X , 7: £ — X acting on sequences by (7(w)), = wp,1 (see section
. We will denote P®N by v from now on.

For w € X define 9 := T(zny), 0+--0 Ty, =Ty, 0---0T,,. We define the random dynamical
system F': 2 x X — X x X by F(w,x) =(tw,T,,x). We will also use (2-indexed subscripts
for random transfer operators associated to the maps 7', so that P, := P, . We will
also abuse notation and write P, for P, if v = (w1,w2,...,w,,...). The analogue concept
of invariance for a random dynamical system is stationarity, as defined in section In

this setting, it is equivalent to
u(A) = fz (Tl A) dviw)

for every measurable set A. We now define a transfer operator for the random dynamical
system, which captures the average behavior of the transfer operators of the individual

transformations:

Definition 2.7.8. The annealed transfer operator P: L1(m) — L'(m) is defined by aver-

aging over all the transformations:

P=Y p,P,= f P,, dv(w).
weQ) z

The annealed Koopman operator U : L*°(m) — L°°(m) defined by

Upx)= ) pop(Tyx)= fz (T x)dv(w).

weQ)

The annealed operators satisfy the same duality relationship as the usual operators:

Lemma 2.7.9.
f Uep)-yvdm :f ¢-Pydm
X X
for all observables ¢ € L>°(m) and v € L1(m).

Our main interest is in establishing statistical laws for the sequence of compositions
Ty, 0 0Ty, either for a fixed sequence {a;};>1 or random choices of it according to a
probability distribution on Q. In general we distinguish three different regimes, which

we informally describe as:

1. We say that a result is sequential if it holds for all choices of sequences in Z;
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2. We say that a result is annealed if it holds for the average sequence in Z;
3. We say that a result is quenched if it holds for almost every choice of sequence in X.

It may seem that quenched results are weaker than sequential ones, but in general for
sequential results, rates and constants depend on the choice of the sequence of maps

while quenched results hold uniformly for all sequences in a set of total probability.
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CHAPTER

DIMENSION OF MEASURES WITH INFINITE ENTROPY

3.1 Introduction

In this chapter we study the dimension of measures invariant under a certain class
of maps of the unit interval [0, 1]: Expanding Markov Renyi (EMR) maps. These maps
T:10,1] — [0,1] admit representations by means of symbolic dynamics, and satisfy
smoothness properties that allow us to use ergodic theoretic methods to study their geo-
metric properties. Given an ergodic T-invariant probability measure u, we are interested
in the pointwise behavior of the local dimension
d(x) = lim 28HB®1)
r—0 logr

where B(x,r) denotes the open ball of center x and radius r. This limit in general may
not exist, in which case we study the corresponding limit superior and limit inferior (see
definition [2.3.6). When the limit exists almost everywhere, we say that the measure is
exact dimensional. If this is the case, by ergodicity of u the value of the local dimension
is constant almost everywhere (see proposition [2.2.2). Knowledge of the almost sure
behavior of the local dimension yields information about the Hausdorff and the packing
dimension of the measure (see proposition [2.3.7).

There are two dynamical quantities which are particularly relevant when studying
the local dimension of such measures: the metric entropy h, (or simply the entropy)
and the Lyapunov exponent A, of (T, u) (see sectionfor the ad-hoc definitions of A,

Ay). Formulae relating the dynamical invariants 4,1, and the local dimension have
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CHAPTER 3. DIMENSION OF MEASURES WITH INFINITE ENTROPY

been extensively studied for the last few decades in the case h, < co. For Bernoulli
measures invariant under the Gauss map, Kinney and Pitcher proved in [KP66] that if
the measure u is defined by a probability vector p = {p;}, the Hausdorff dimension of u

can be computed with the formula

- Zzozl pnlogpn
2f01 [logx|du(x)

dimg =

provided that }_>° , p,logn < oo.

For more general maps of the interval, in [LM85] the authors proved that for a ¢! map
T:10,11—[0,1] where T' and T" are piecewise monotonic and the Lyapunov exponent 1,
is positive, if u is an invariant ergodic probability measure, then [LM85, corollary in the

appendix] we have that the measure is exact dimensional and

. logu(B(x,r)) hy
lim ————=—
r—0 logr Ay

u-almost everywhere. In particular, dimg u = A ,/A, by proposition Other versions
of the formula were proved by Young and Hofbauer, Raith in [You82] and [HR92]], among
others. In all of these examples, it is assumed 0 < 1, < oco. In the context of countable
Markov systems, Mauldin and Urbanski proved ([MUO03, theorem 4.4.2]) the following

theorem:

Theorem 3.1.1 (Volume Lemma). Let (X,T) be a countable Markov shift coded by the
shift in countably many symbols (£,0). Suppose that u is a Borel shift-invariant ergodic
probability measure on X such that at least one of the numbers H(a) or A, is finite, where

H,(a) is the entropy of u with respect to the natural partition a in cylinders of Z (see
definition [2.4.5). Then  is exact dimensional and

h
dimp(uon1) = £,
Ay

where n: ¥ — X is the coding map.

The case when 1, = 0 was studied by Ledrappier and Misiurewicz in [LM85], wherein
they constructed a ¢” map of the interval and a non-atomic ergodic invariant measure
which has zero Lyapunov exponent and is such that the local dimension does not exist
almost everywhere. More precisely, they show that the lower local dimension and upper

local dimension are not equal ([LM85, theorem 1]):

log(B(x,7r)) .. log u(B(x,1))
——————— <limsup———

=d
logr r—0 logr ul)

d (x) =liminf
—H r—0
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almost everywhere. For this construction, the authors consider a class of unimodal maps
(Feigenbaum’s maps).

The dimension of Bernoulli measures for the Gauss map G was studied by Kifer, Peres
and Weiss in [KPWO01l, where they show that there is a universal constant £¢ > 1077 so
that

dimg(up 0 ahH<1- €0

for every Bernoulli measure on the symbolic space coding the Gauss map, where 7 is the
coding map. This inequality holds even for the case where the entropy of the measure is
infinite. They also show that for an infinite entropy Bernoulli measure u, the Hausdorff
dimension satisfies dimyg u < 1/2. Their method relies on estimating the dimension of
the sets of points for which the frequency of a sequence of digits in their continued
fraction expansion differs from the expected value by a certain threshold is uniformly
(with respect to the sequence of digits) bounded from 1, and a bound on the dimension
of points that lie in unusually short cylinders. This situation has been recently studied
by Jurga and Baker (see [Jurl8] and [BJ18]]) using different methods. Concretly, in
[Jur18] the author uses ideas of the Hilbert-Birkhoff cone theory and extract information
about the dynamics through the transfer operator. On the other hand, in [BJ18]) the
authors construct a Bernoulli measure p,; such that sup, dimg ), = dimpg y1, where the
supremum is taken over all Bernoulli measures. This in conjunction with the Variational
Principle (see [Wal00])) yield their result.

The focus of our investigation is twofold: in the first place, we investigate the Hausdorff
dimensions of invariant ergodic measures for piecewise expanding maps of the interval
with countably many branches. In particular, we focus on maps exhibiting similar
properties to the Gauss map and measures with infinite entropy and infinite Lyapunov
exponent. In the second place, we show that the measures considered are not exact
dimensional, by showing that the upper dimension is positive while the lower dimension
is zero almost everywhere.

The main result of this chapter is:

Theorem 3.1.2. Let T: [0,1] — [0,1] be a Gauss-like map and u be an infinite entropy
Gibbs measure of controlled decay, and such that the decay ratio s exists . Then d y(x) =

O,Eu(x) = s p-almost everywhere.

This shows that there is a dimension gap for this class of maps and measures. For

the Gauss map, s = 1/2. The Gibbs assumption on the measure implies that a certain
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sequence of observables can be seen as a non-integrable stationary ergodic process
and allows us to use some tools of infinite ergodic theory developed by Aaronson and
Nakada (see [Aar77], [ANO3]). In particular, the pointwise behavior of the Birkhoff sums
excluding the biggest term of such sums (trimmed sums) plays a fundamental role in our
arguments. We remark that the methods used in the context of finite entropy fail, as
they rely on the fact that the measure and diameter of the iterates of the natural Markov
partition decrease at an exponential rate given by 2, and 1, respectively, enabling the
use of coverings by balls of different scales. To tackle this problem, we make use of more
refined coverings of balls, which are capable of detecting the asymptotic interaction

between the Gibbs measure and the Lebesgue measure.

3.2 Expanding Markov-Renyi maps

Recall the proof that the Gauss measure p is ergodic with respect to the Gauss map 7'

(see proposition [2.2.4). The essential ingredients of the proof are the metric estimates

IT'@)| =1, (T @) 22, |T"@T @? <2,

the fact that the invariant measure u is absolutely continuous with respect to the
Lebesgue measure m, and that 7T is locally a bijection. We define a general class of maps

which satisfy these properties, and hence, the same results apply to them.

Definition 3.2.1. We say that a map T:1 — I of the interval I =[0,1] is an EMR
(expanding Markov-Renyi) map if there is a countable collection of closed intervals {I(n)}

(with disjoint interiors intI(n)) such that:
1. The map is €2 on U, intI(n),

2. Some power of T is uniformly expanding, i.e., there is a positive integer r and a

constant a > 1 such that |(T") (x)| = a for all x € U,intI(n),
3. The map is Markov and can be coded by a full shift (see next subsection),

4. The map satisfies Renyi’s condition: there is a constant E > 0 such that

7" (x)]
sup sup —————<E,
neN x,y,zel(n) [ T (I T (2)]

Under these condition, the following results hold (see theorem in 1 of section 4, chapter 7
of [CES12]):
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Theorem 3.2.2. Suppose that T is an EMR map. Then there exists a T-invariant Borel
probability measure p, which is equivalent to the Lebesgue measure m, and K 1< C‘li—:l <K

for a positive constant K. The measure u is mixing, and in particular, ergodic.

The construction of the measure follows a standard argument of taking a weak limit of
the sequence pushforwards of the reference measure through the dynamics. The metric
condition 4 of the definition of EMR map is stronger than the metric properties of the
proof of the ergodicity of the Gauss measure. Condition 2 is a uniform hyperbolicity
condition for some iterate of the map.

This class of maps was first introduced in [PW99] in the context the multifractal analysis
of the Lyapunov exponent for the Gauss map. Renyi’s condition provides good estimates
for the Lebesgue measure of the cylinders associated to the Markov structure of the map
(see next subsection). While the absolutely continuous invariant measure is an object
of interest in dynamical systems, we will study measures which are mutually singular
with respect to this measure. The above properties of the map are useful to give metric
estimates in terms of symbolic dynamics (see section [3.3).

For simplicity, we will assume that the maps are orientation preserving (the orientation
reversing case only differs in the relative position of the cylinders). The set of branches
must accumulate at least at one point, and we assume that it accumulates at exactly
one point: we also assume that the branches accumulate on the left endpoint of I (the
case when the branches accumulate in the right endpoint of I is analogous). Re-indexing
if necessary, we can assume that I(n + 1) < I(n) for all n, in the sense that x < y for all
x€intI(n+1) and y €intI(n). Let r, = [I(n)|.

Definition 3.2.3. We say that an EMR map T is a Gauss-like map if it satisfies the

following conditions:

B~

rn, >0 for every n e N,

2. Tns1 =Ty,

3. Larn=1

4. 0<K <rp;1/rn, <K' <oo for some constants K, K/,

5. {r,} decays at most polynomially as n goes to infinity (see definition (3.6.3)).
In figure we show a generic example of a Gauss-like map.
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0 V4 U3 12 1

Figure 3.1: Example of an orientation-preserving Gauss-like map with the choice I(n) =
[ 11

n+l’>nl:

We want to keep in mind piecewise linear functions as the main example, as for this
class of maps, calculations are simplified. We will also keep in mind the example of the

Gauss map.

3.3 Markov structure and symbolic coding

We describe now the Markov structure of the maps considered. Given a finite sequence
of natural numbers (ai,...,a,) € N”?, the n-th level cylinder associated to (ay,...,a,) is
the set I(a1,...,a,) = I, nT  I(a2))N...n T~ " V(I(a,)). Let @ = U, U, T (0I(k)), then
given x € [0,1]1\ @ and n € N, there exists a unique sequence (a1(x),as(x),...) € NN such
that x € I(a1(x),...,a,(x)) for every n (here 0I(k) represents the boundary of the set I(k),
in this case, consisting of the two endpoints of the interval). We denote this sequence
by (a1,as,...) when «x is clear from the context. We also denote I,(x)=1(a1,...,a,) and
we say x is coded by the sequence (a,). From now on, whenever we say x € I, we mean
xelI\O.

Let Z =NV and o: X — X be the left shift over N: (6(x,)),, = %,+1. Then the cylinders in
the symbolic space are defined by

C(ai,az,...,an)={x)eZ|xj=a;for j=1,...,}.

We endow the space X~ with the topology generated by the cylinders defined above. Then

the map n: £ — I\ 0 given by n((x,)) =N, I(x1,...,x,) is a continuous bijection.
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Given x € I with coding sequence (a,) and n = 1, denote by Ifl(x) =I(aq,...,

Gnp-1,an+1) (resp I, (x) =I1(ay,...,an-1,a, — 1) if a, = 2) the level n cylinder on the left
(resp right) of I,,(x). Also, denote by I,(x)=1I,(x) U I (x) U I,ll(x). If there is no risk of
confusion, we omit the dependence on x.

Renyi’s condition introduced in the previous subsection implies that the length of each
cylinder is comparable to the derivative of the iterates of the map at any point of the

cylinder. More precisely,

Lemma 3.3.1. There exists a constant D > 0 such that
0<D =< |(T" )| I(a1,...,a,)| <D

for every finite sequence (a1,...,a,) EN* and x € I(a1,...,a,).

Proof. The proof of the ergodicity of the Gauss map applies mutatis mutandis in
this setting and shows that

(" @) _
[Ty (] ~

for some constant Cq, for all x,y € I(aq,...,a,), (a1,...,a,) € N*. Integrating with respect

to the Lebesgue measure over y yields the result. [ |

A notion of dimension which is more adapted to the underlying structure of our dynamical

system is the symbolic dimension, which we proceed to define.
Definition 3.3.2. Given x € I, we define the lower symbolic dimension of u at x by

.. Jdogul,(x))
O(x)=1 f—————
6(x) min Tog T, ()’

and the upper symbolic dimension of u at x by

8(x) = lim sup —log,u(In(x))

If 5(x) = O(x), then we define the symbolic dimension of  at x as the common value, denote
it by 6(x), and we say that p is symbolic exact dimensional if §(x) = &(x) almost everywhere

with respect to u.

We recall now the definition of Gibbs measures:
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Definition 3.3.3. Let u be an invariant probability measure with respect to T. Then we
say that p is a Gibbs measure associated to the potential logg: X — R, that is, there exists

a constant C > 0 so that

o1 < w(Cai,...,an)) <
exp (—nP(logp) + S, (logp)(x))
where x is any point in C(ay,...,a,), (a1,...,an,...) is any sequence in X, S, f(x) is the

Birkhoff sum of f at the point x, and P(log ) is a constant (depending on the potential).

The constant P(log¢) is usually called the topological pressure of log¢. In this chapter
we will not call such constant pressure, as it does not carry the same meaning it does in
the finite entropy case. Throughout this work we will assume that P(log¢) =0, otherwise
we can take the potential log ¢ — P(log¢) for which P (loggp — P(log¢)) = 0. It is important
to note that it is not trivial that this will not affect our computations, and we will show
later how we can overcome that difficulty. The sequence p, = u(I(n)) will be of particular
relevance for our computations.

We can project this measure to I by setting fi = 77! o . We assume these measures are
invariant and ergodic with respect to 7. We will denote by u both the measure in the
symbolic space and the projected measure.

We define the n-th variation of the potential log¢ by

var,(logp) = supi{|logp(x) —logp(y)| | x,y € I(a1,...,a,),(a1,...,a,) € N*}.
Definition 3.3.4. Let x,, be the unique fixed point of T' in I1(n). We define then the decay

ratio by

. logp(x,) .. logp,
s=lim —— = lim ,
n—oo logr,  n—oologr,

whenever any of these limits exists. Similary, the tail decay ratio is defined by

. dog¥sn () L logdsnDm
s= lim = lim ———————

n—oo log} n=nm n—o0logY ;onTm

Whenever these two quantities exists, both definitions given for s and s agree since pu is
a Gibbs measure. Throughout this chapter we will assume that the decay ratio exists for
our measure. Note also that the definitions above are independent of the choice of the
point x, representing each cylinder if varj(log¢) < co. By the Cersaro-Stolz theorem (see

[Furl3, Appendix B]) we can write the decay ratio as

. ZzzlpnIngn
s= lim ~n - 1.
n—oo Zkzlpnlogrn
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Definition 3.3.5. Assume that vari(log) < co. Suppose that for the sequence q = {q,}, =

{p(x)}, we have
0<K<ppii/pn=<1
for every n €N, for a constant K. Then we say that u has controlled decay.

This condition prevents the existence of large jumps for the potential along sufficiently

sparse subsequences of {x,}. By the Gibbs property, the properties hold if we replace p,
by gp.

3.4 Entropy and Lyapunov exponent

Our main results are for a class of measures with infinite entropy. This condition can be
expressed by saying that the potential —log is not integrable with respect to p.

Our definition of entropy differs from the conventional (see section[2.4), as we deal with
partitions with infinite entropy. For this, recall the Shannon-McMillan-Breiman theorem
adapted to our system, which in the case of Gibbs measures, is equivalent to the Ergodic

theorem:

Theorem 3.4.1 (Shannon-McMillan-Breiman, infinite entropy). For any Gibbs measure

1 associated to a potential with finite first variation, the limit

1
(3.1) r}ir{)lo—;log (1 (x)))

exists pu-almost everywhere and is constant. If Y, —pnlogp, < oo, then such constant is

finite; otherwise, it is equal to infinity.

The proof for the case when the series is finite is the usual for Shannon-McMillan-
Breiman theorem, see section 9.3 in [VO16]. The proof for the infinite case follows from
lemma and lemma using that the measures have the Gibbs property. We
define then the entropy 4, as the almost sure value of the limit in theorem m

Lemma 3.4.2. For a Gibbs measure with finite first variation, the entropy h, is finite if

and only if any of the series

o0 )
- Z qnlogqn , — anIngn

n=1 n=1

converges.
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Proof. The partition of [0,1] by cylinders {I(n)} is a generating partition, and hence
theorem [2.4.13|allows us to compute the entropy of u using the entropy of this partition.
The entropy of u with respect to this partition is given by

H(u,a)=-)_ pplogpy.

n=1

The convergence of this series is equivalent to the convergence of —37° | g, logq, since

we have
exp(—varjlogyp) < An_ < exp(varj log¢),
¢(x)
c1l<r ~c
@(x)
for any x € I(n). |

We prove a well known fact about non-integrable observables.

Lemma 3.4.3. Let f:[0,1] — R be a bounded below measurable function such that
f) fdp = oco. Then

li 1 T*
fim 3 o7 <o

for u almost every point.

Proof. The proof is an standard application of the Monotone Convergence Theorem.
Assume f is positive (otherwise, decompose f into its positive and negative part) and let
M > 0. Then

1 n-1 1 n-1
liminf= Y foT*x) = lim = Y min{f o T*, M}(x)
Lt () TN =

1
_ fo min{f, M}(x)du(x)

by Birkhoff’s Ergodic Theorem applied to min{f,M}. By the Monotone Convergence

Theorem,
1 1
lim f min{f, M}(x)du(x) = f fdu(x) = o0
M—o0Jo 0
from where we conclude the result. [ |
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This result implies in particular that we can assume that the pressure of our potential is
zero, as S, (logy) dominates —nP(log@) when log¢ is not integrable.

Now we can finish the proof of theorem by noting that the Gibbs property of u
implies that

1 1 1 1 1
——logC — =S, (logp)(x) = ——log(u(I,(x))) = —logC — =S, (log p)(x),
n n n n n

and using that the first variance of (log¢) is finite, we can also bound the integral of
log ¢ by

o0

f logpdu = Z 1(I(k)) min logp(x)=C Z prlogpy + Z prlogC,
X k=1 xel(k) k=1 k=1

and by applying lemmas and lemma the result follows.

3.5 Symbolic dimension

We formulate a lemma regarding the metric and measure theoretic properties of the
cylinders associated to the map. This will allow us to write geometric quantities in
ergodic theoretic terms. Its proof is a standard application of the bounded distortion and

Gibbs properties.

Lemma 3.5.1. For every finite sequence (a1,...,a,) € N* and j €N, we have that
(@) |logll(ay,...,an)l—X}_ logry,| <nDi+Dy

(b) )1og ‘ULZOI(al, 1,8+ m)‘ ~¥"ogr,, ~log (zizo ran+k)‘ <nD, +Ds,
© |log|UX_oI(a1,...,an-1,an +m)| - X7 1logr, —log (X527 a,+k)| < nD1+Dg,

(d) |logu(I(a1,...,an))—Zzzllogpak| <nG1+Gy,

() jlogu (Ul-oT@1,...,@n-1,an +m) - £2-Hogpa, ~ log (zgzopwk)j <nG1+Go,
@ |logp(UX_oI(at,...,an-1,an +m)) - X} 110g pa, —10g (X2 Pa,+x)| < nG1+Ga,

where D1,D9 are distortion constants and G1,G9 are constants arising from the Gibbs

property.
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Proof. We prove only the first part as the proof of the rest is similar. Fix a sequence
(ai,...,a,) € N", then by we have that

0<D ' <|(T" ()| (ay,...,an)| <D
D l<r,, IT'(x) <D

for any x € I(ap). Using the chain rule, we have that
(T 1Y ()] = 1T (T @) - 1T (T 2@ - 1T (T )] - 1T ()1,
from where it follows that

D"V <(ry - ore ) @y, .., a,) < D"

which yields the first part. [ |

We proceed to compute the symbolic dimension of our system.

Theorem 3.5.2. Let T be an EMR map and u a Gibbs measure with controlled decay
and infinte entropy. Then if the decay ratio s exists, we have that u is symbolic-exact

dimensional and for u-almost every x € I,
O(x) =s.

Proof. By Lemma applied to the observables logy and logr,, and Lemma

we have

.. Srogp)(x) .. Joglqa,---qa,)
ox) =<1 f =1 f——=
O < o  + Salogran®@ e gt )’

. S, (logp)(x) .. JJoglqq,...qq,)
6(x) = liminf =liminf ————*~
= n—oo nD1+Dg+8,(ogr, )Nx) n—oo log(ry,...rq,)

>

for almost every x € I, and analogously for the upper symbolic dimension

- 1
6(x) =limsup —Og(qa1 9a,)
n—oo log(rg,...rq,)

where (a1,a9,...) is the sequence coding x. With a similar argument, we can also show

that the same holds true if we switch g, for p,:

1
8(x) =liminf 08(Pay pan),
- n—oo log(re,...7q,)
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and analogously for the upper symbolic dimension.

For x€I and n,k =1, define
frr@)=#ie{l,...,n}a;(x) =k},

that is, the number of times the orbit of x visits the interval I in the first n steps. Recall
that from the Birkhoff Theorem, we have that for every &,

lim fnk =

n—oo n

DPr

for u—almost every x € I. In particular, the orbit of almost every x € I visits every cylinder
I(n) infinitely many times. Fix x in the set where the convergence holds, and then define
m:N—Nbym(n)=max{k;(x)|ie€{1,...,n}}, where &;(x) is the i-th digit of the expansion
of x. The previous remark shows that m is unbounded, and it is clearly non-decreasing.

Thus, we can write

n m(n)
—log(rp,...re,)=—) logry,=— ) fn;logr;.
j=1 j=1
Given € > 0, there exists nq such that
lo
gDk _sl<e
logrk

for every k = n1, and consequently, (—logp:) < (¢ + s)(—logry) for £k = ny. For n large

enough so that m(n) > n1, we write

m(n)

log(pkl .. pkn) _ Z‘Zil fn,k(_logpk)+zk:nl+1 fn,k(_logpk)
log(rg, ...r%,) ZZilfn,k(—logrk)+Zm(n) fnr(—logry) '

k=n1+1

We split the sum in two different parts:
YL fur(=logpr)
TpL Fun(=logr) + TP | fop(=logry)’
T Fai(=logpp)
Tit Far(=logri) + T | £ p(=logry)

An)=

B(n) =

For k =1,...,n; taking €, = p3/2 in the definition of p; as a limit, there exists no =n;
such that
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for every n = ny. Thus, the terms Y.)'1 | f,, z(~logpz) and Y71 | fr x(~logry) are asymptot-
ically linear in n for n, that is, when divided by n they have a finite limit. We will show
that Zzl:(’fl)l 1 fnr(=logry) grows faster than linear as a function of n.

Given M > 0, since the Lyapunov exponent is infinite, there exists ng such that

m(n)

Z pk(—logrk) >2M

k=n1+1

for every n = ns. Now, for k =ni+1,...,m(n3), take ¢, = px/2 and so there exists ny = ns
such that

npg
fokr= 5

foreveryn=nqsand k=nq1+1,...,m(ng). Thus

]_ m(n) m(ng) m(n)
Y. far(=logrp)== ) far(=logrp)+= > far(-logry)
N p=ni+1 N op=ni+1 N b =m(na)+1
1 m(n4) n
Y PR logry)
nk—n1+1 2
]_ m(ng)
Y. pr(-logry)>M
zk ni+1l

for every n = n4. This shows that A(n) — 0 as n — co. To estimate B(n), we note that

ZZL(Z)IH fnr(=logry)

B(n)<(s+¢)- - )
pe1frp(=logr) + 3,70 ) frr(=logrs)

Using the same argument as above, we obtain that ZZL(Z)I 1 fnr(=logry) grows faster

than linear, so limB(n) < s +¢. This shows that
O(x) <s.

The proof of the opposite inequality is analogous. |

3.6 The decay ratio

Now we proceed to study the properties of the decay ratio. In fact, we show that for
infinite entropy measures, it is completely determined by the properties of the partition
{I(n)|neN}:
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Definition 3.6.1. The convergence exponent of the partition {r,} of I is defined by
o0
soo:inf{SEOI Yory <oo}.
n=1

Proposition 3.6.2. In general, we have that so <s. Under the assumption that h, = oo,

we also have s = s.
Proof. Given ¢ > 0, there exists n1 such that

(e+s)logr, <logp, <(s—¢€)logr,

s+e€

ST¢ < pp for every n = ny1. Summing over n we get

for every n = n1, and thus r

) ni—1 [e'o) ni—1 [ee)

s+e _ s+€e s+e s+e
Zrn _Zrn +Zrn = I'n +an<oo-
n=1 n=1 n=ni n=1 n=ni

Hence, s, < s +¢ for every € >0 and so s, <.
Now, assuming that 4, = oo, suppose that s, < s, and hence, there is a > 0 such that

Seo < Soo+ @ <s and
o +
er{’o % < oo0.
n=1

Let € = (s —soo — @)/2 > 0, then there is an integer n( such that

s+e s—€
r, Sanrn

for all n = ny. This implies that
Y. pul=logpr)<(s+e€) Y ri(—logry).
n=ng n=ng

Recall the one sided limit criterion for convergence of series: let a;,b, > 0 sequences
such that

. an
limsup — =c €[0,00)
n—00 n

and ) b,, <oo. Then Y a, < oco.
Let f: [0,00) — R be the function defined by

0, for x =0,
f(x)={

x(—logx), for x>0.
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It is easy to see that f is continuous. Taking a, = r$ ¢(~logr,) and b, = r;*"“ and using

the continuity of f, we get that
limsup 22 _ lim ré(=logr,)=0.
n—oo n T
We conclude that
o0 o0
Z pn(=logp,)<(s+e¢) Z ry ¢(—logr,) < oo,
n=ng n=ng

contradicting the fact that the entropy is infinite. [ |

We give now a definition for the asymptotic decay of the sequence {r,}.
Definition 3.6.3. The asymptotic rate of the sequence {r,} is defined as
a=sup{t=0]| lim n'r, <oo}.
n—.oo

We say that {r,} decays polynomially if a > 1, and we say that {r,} decays superpolynomi-

ally if @ = co.

We will assume that the supremum is achieved for our sequences {r,}. Note that if r,, has
polynomial decay with asymptotic a, then s, = 1/a. For simplicity, we will assume that
the supremum of the definition is achieved for our partitions. If we know the asymptotic

of {r,}, we can compute the asymptotic of the tail of the series of {r,}:

Lemma 3.6.4. If the asymptotic of {r,}is a > 1, then the asymptotic of {R, =Y ,>nT"n} IS

a—1.

Proof. It suffices to show that the sets A ={¢ = 1|lim,,.oon!r, <ooland A’ ={t=0]
lim,,—oon’ 1R, < oo} are the same. Let ¢ € A, then lim,_.oon’r, = d, and so given ¢, there
is ng € N such that

(d—e) - (d+e)

rn <

nt nt
for n = ngy. Hence, for n = ny,
_ 00 =17 _ 00 t—1 t—-1
(d 6)S 5 n'~(d e)Snt_anS 5 n (d+€)§ n'~(d +¢)
t-1) =, m! =, m! (n+Dt-1(t-1)

from which follows that ¢ — 1€ A’. Now, if ¢t € A’, we have that lim, .., n! 1R, = d’ < oo,

and thus, given € > 0, there is n1 € N such that
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This implies that

(—e+d") (e+d') (e+d) (—e+d')
- <r,< - :
nt (n+1) nt (n+1)t
from which follows that ¢ + 1 € A, proving the assertion. [ |

3.7 Infinite ergodic theory

In this section we explore the consequences of the non-integrability of the functions
—logry, and —log p,, (or equivalently, 4, = A, = 00). Using tools of infinite ergodic theory
we can prove that the diameter of the cylinders decreases faster than exponentially from
a given level to the next.

We start by showing one of the usual arguments used to compute Hausdorff dimensions

and remark how it fails in our case.

Lemma 3.7.1. Let T be an EMR map and u a Gibbs measure. Then for almost every x € I

and every r > 0 there exists n such that

logC1p(I, 1)) _ logu(BGx,r) _ logu(I(x))

3.2) < < )
log Ca|I,(x)I logr log|I,,-1(x)|

for constants C1,Co.

This of this Lemma uses a well known argument and can be found for instance in
[PesO8]. Note that if 1, < oo, then inequality and the Ergodic Theorem would
immediately imply that s = dimg u = dim, u. However, since in our case 1, = oo, the
previous argument does not work. In fact, here lies the main difficulty of the infinite
entropy and Lyapunov exponent case. The following lemma shows that the situation
is as bad as it can get: for almost every point, the diameter of the cylinders decreases

arbitrarily from one level to the next.

Theorem 3.7.2. Let T be a Gauss-like map and i an infinite entropy Gibbs with con-

trolled decay. Then for almost every x € I, we have that

.. o loglIy(x)l
liminf——2"" =1,
n—oo log|l,_1(»)l

and

lim sup —28 2@ _
n—oo log |In_1(x)|
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The proof of the first equality is an immediate consequence of Poincare’s recurrence
theorem: since most orbits will visit any cylinder infinitely often, in particular they will
visit the cylinder [1, 1] infinitely often. Whenever this happens, let us say at time n +1,
the ratio of the sizes (Lebesgue) of the two cylinders I,(x) and I,1(x) is a constant (r1).
In particular the limit of the logarithms is equal to one. We postpone the proof of the
second equality. We will return to this issue once we set up the appropriate tools to prove

this result. A corollary to the previous theorem is the following:
Corollary 3.7.3. For almost every x € I, we have that d(x) < s and hence dimpg y < s.

The main tool that we will use to prove Theorem [3.7.2 are results about the pointwise
behavior of trimmed sums.

In this section we introduce some infinite ergodic theory notions and results. Define
{gn = —logrioT" 1}. The tail of the cumulative distribution function of g; is Z(¢) =
(g1 =1t), and it can be seen that u(g;) := fol g1dp = Ay,. By invariance of the measure, the
cumulative distribution of g, is the same as . As we saw in Lemma the Ergodic
Theorem fails to provide non-trivial information. This result was vastly generalized by
Robbins and Chow for i.i.d. random variables in [CR61] and in the ergodic stationary

case by Aaronson in [Aar77] who proved the following theorem:

Theorem 3.7.4. [Aar77, theorem 1] Let f:[0,1] — R be a non-negative measurable

function. If u(f) = oo then for any sequence {b,} of positive numbers, either

1 n—1
limsupb— Z fOTk =00 a.e.

n—oo On k=p

or

1 n-1 "
lim — ) foT"=0 a.e.
Jim g 2
It is possible to prove that the lack of convergence in the previous theorem is due to a
finite number of terms which are not comparable in size to the rest of the terms of the
sum. This was proved in the i.i.d. case by Mori in [Mor76[,[Mor77] and in the stationary
ergodic case by Aaronson and Nakada in [ANO3]]. We formulate the result by Aaronson
and Nakada in a setting appropriate for our purposes.
We denote the ergodic sum of a function f by S,(f)(x) and define S, (f)(x) = S,(f)(x) —
max{f,...,f o T" 1} (x). When the dependence of S,,(f)/S,(f) on f is clear, we drop it

from the notation and write S,. We refer to S,, as the trimmed ergodic sum of f.
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Definition 3.7.5. We say that the sequence {f o Tk} has trimmed convergence if there

exists a sequence {b,} such that

Sn(x) _

n

lim

n—.oo

1

almost surely.

In order to ensure trimmed convergence, it is necessary that the process satisfies certain

mixing condition.

Definition 3.7.6. For a stationary process (X1,X2,...), for k=1and k < N+1 < oo, denote
by oy, = 0(Xp,...,XN+1), that is, the sigma-algebra generated by the random variables
Xz,...,XN+1). Define also

WANB)

9 = —_—
) Sup{ W(A)u(B)

1‘ :Aeo® Beo ,(A)uB) >0,k > 1}.

We say that the process is continued fraction mixing (cf-mixing) if 9(1) < oo and 9(n) — 0

as n — oQ.

Theorem 3.7.7. [ANO3| theorem 1.1] Let (X1,X2,...) be a non-negative, ergodic stationary
process with L(t) = u(min{X,t}), and set €(t) := t(logL)'(t). Suppose that the process is

continued fraction mixing with exponential rate and that

£2(n)

n

< 00.

>
n=1
Then {X,} has trimmed convergence.

As remarked in [ANO3], any Gibbs-Markov map is CF-mixing with exponential rate
(corollary 4.7.8 from [Aar97]). Here by exponential rate we mean that there exist con-
stants ¢; =0 and 6 € (0,1) such that 9(n) < c6" for all n = 1. For our particular sequence,
the series in the previous theorem can be explicitly expressed in terms of the sequences

{p.}and {r,}:

Lemma 3.7.8. Suppose that

[o,@]
(logrn)*(p2 +2pppn+1) < 0.
n=1

Then the sequence {g, = —logrio T”_l} has trimmed convergence.
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Proof. We show that if

o0
Y (ogr,)*(p2 +2pppn+1) < o0,

n=1
then
[ee) 82(n)
;1 - < 00.
Let Z(t) = u(X = t) and note that
oo F(t)
(ogL) (1) = T3,
and hence
® 2(n) X nFn) 9
ng:l n _nzz"l L4(n) Zlng (n)

since L(n) is bounded away from zero. We compare the above sum to the corresponding in-
tegral. We can then see that if x € [0, —logri) then & (x) = 1, while if x € [-logr,,,—logr,+1)

for n =1 then

F@®)= ) Dk

k=n+1

so then the integral is

logr)® 1&
_ dogr” Y ((logrn—1)2—(10g7‘n)2)( 2 pipf)'

i,j=n

Call now
Qan :(IOgrn)2 , bn= Z PiD;-
J:
Then, the above expression has the form

Z (@n+1—an)by

n=1
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which can be written as

—a1by + Z an+1(by —byi1).
n=1

Note that

bni1—bn=2pnppn+1 +p%L

b1=1.
With this, the integral becomes
o0 (logry)? 1 x
fo x (F(x)2dx = % +3 —(logr1)®+ Y (logr,)*(ph +2pnPn+1)
n=1

[e.@]
=Y (logry)*(p2 +2pnpn+1)
n=1
as we wanted to prove. [ |

We show now that the trimmed convergence condition is satisfied by systems for which

{r,} decays polynomially or slower.

Lemma 3.7.9. Suppose that
1 )
lim —(logr,)” =c€[0,00).
n—oopn
Then the sequence {g, = —logrioT" '} has trimmed convergence.

Proof. Since p, and p,;1 are comparable (as the measure is of controlled decay), it
suffices to prove that

o 2 2
(logrp)*p;, <oo.
n=1

Note that {p,}  £? and we have that

o0 2 o0
1= an) = ) pipj.
n=1

i,j=1

Since the sequence {p,} is decreasing, we have that
00 9 0 J-1 00 J-1 0 o)
Y piG-D=) p;) pj<) pj) pi<) DPj) Pi<oo.
j=2 j=2  i=1 j=2  i=1 j=2 i=1

Comparing in the limit the series of the left hand side to the series ), p%(log rn)?, we get

that this series converges. [ |
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Corollary 3.7.10. If T is a Gauss-like map and i is a measure with infinite entropy and

controlled decay, then the sequence g, = —logrioT" 1 has trimmed convergence.
Now we are in position to prove theorem [3.7.2

Proof of theorem [3.7.2] By Theorem there exists a sequence {b,} such that
S~ n(x) _

n

lim

n—-oo

1 a.e.
Now, by Theorem [3.7.4] we also have that

limsup

n—oo n

or

S (x) _

n

liminf
n—oo

0 a.e..

Since the trimmed sum is Q(b,,), the first condition must hold in a set of full measure.
Let (a,) be the coding sequence of x. With an argument analogous to the one used in the
proof of Theorem [3.5.2] the limit in question is equivalent to

2 _qlogr logr
limSupk_i—ak =1 +limsup Sla, -1 +limsup gn(x)
n—oo Y p—rlogrg, n—oo log(re;...rq;, ) n—oo Sp_1(x)
Given 1> ¢ > 0, there exists n such that
S
‘ (%) - 1‘ <€

n
for every n = ng at x. Since limsup g—;‘ =00, given an integer M > 0 there exists n1 = ny
such that

Sy, (x)

>2M +1
bn,
at x. Combining these two inequalities, we obtain

max{gi...,8n,}(x)
bn,

Sn (&) Sy, ()
bn, bn,

>2M.

Now, there exists an index j € {1,...,n1} such that g; = max{g;...,g,,} at x, and so

S j(x)=8;_1(x). Since the g; are positive, we have that

max{g1...,8n,}(x) _ gj(x)

S 1) = Sj(x) = Sy, (x) <bp,(1+6) <2by, < M e

54



3.8. UPPER BOUND FOR dimg u

and hence
M < B ) .
Sj-1(x)
This implies that
limsup 8n(x) =00
n—oo Sp-1(x)
and so
lim sup —log | =
n—oo log|ln_1l
as we wanted to prove. [ |

3.8 Upper bound for dimy u

With the tools developed in the previous sections, we proceed with the dimension compu-
tations.

Now we prove an upper bound for dimg u. This bound is related to the tail decay ratio s.
We prove two necessary lemmas to give the desired bound. The first lemma shows that
{p.} decays slower than any polynomial, while the second lemma, shows the existence of

s and that s =0 for Gauss-like maps.

Lemma 3.8.1. Suppose that the decay ratio exists and it is equal to s, the sequence {r,}
decays polynomially and the measure | has infinite entropy. Then for all § > 0, there exist

constants C,nq such that

for all n = ny.

Proof. Let a > 0 be the polynomial decay of r,,. Then by proposition |3.6.2 s = s, = 1/a,
we can take ¢ > 0 small enough so that ea +es+¢€2 < 8. Then there exists C >0 and ngeN

such that
C

na+e

<rp
logr$*® <logpy,

for all n = ng. This implies that
CS+€ CS+€

<
n1+5 n(a+e)(s+e)

< Pn

for all n = ny as we wanted. [ |
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Lemma 3.8.2. Under the same assumptions of the previous lemma, the tails decay ratio
§ (definition exists and is equal to zero.

Proof. By the lemma above, for § > 0, there are constants C,n¢ such that

C
bn=
n1+6

for all n = ny. This implies that

- C
pm—ﬁ

it

for n = ng. On the other hand, if we take ¢ < a — 1, there exists n1 such that

C
I'n a—€
for n = n1 and consequently,
> C
= Fm = (@ —e—1)na—e-1
for n = n;. Hence
logY _, Pm - logC —logd —6logn

logy>®_ rm logC—log(a—€e—-1)—(a—e—1)logn

for n = max{ng,n1}. This implies that

log) >_ 0
limsup gz,go_npm < :
n—oo lome:n 'm (a—€-1)

Letting 6 — 0 we conclude the result. [ |

Now we can compute the lower local dimension, and consequently, obtain the Hausdorff

dimension of the measure.

Theorem 3.8.3. Suppose T is a Gauss-like map and u is an infinite entropy Gibbs

measure with controlled decay. Then

liminfl28HB@, M) _
r—0 logr

for palmost every x € 1.
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B(x,rp)
| | |I%[| Iﬁl "
|

[y
N

Figure 3.2: Relative position of intervals and ball.

Proof. Let x be a point where Theorems[3.5.2] [3.7.2] and [3.7.4] hold (such a set is of full

measure). Given such x and n € N, take

b

o0
tn=| U I} (x)
m=0

where I,’f'[(x) =I(a1(x),...,a,-1(x),a,(x) + m). In figure we show the intervals con-
tained in the ball B(x,t,).

Then
U I™%(x) < B(x, t,,)
m=0

and so

logu(B(x,ta)) _logh (U o 17" ()
logt, B 10,<;|L_J;’n°:0 I,’{M(x)| .

Note now that the above inequality can be expressed in terms of the sequences {p,},{r,}

using Lemma (3.5.1

00 n—1 (o)
logu( U I,’{"”(x)) > Y logpg, +log( > pan+m) -nG1-Gy
m=0 k=1 m=0

o0

U @)

m=0

log

n-1 00
< Z logryg, +10g( Z ran+m) +nDq1+ Dy
k=1 m=0

where G1,G9 are constants arising from the Gibbs property and the finite first variation
of the potential, and D1,D9 are constants arising from the bounded distortion property.

Thus, we have

log p(B(x,tn)) _ Y i 1logpa, +10g (X% pa,+m) —nG1— G2
logt, B Z,’;i logrq, +10g(XX_ora,+m)+nD1i+Dy .

For ¢ > 0 and n large enough, we have that

- IOngnOZOPMm <

- IOgZ‘,’nO:O 'n+m
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and

-y 1o
—e+s< ,:L_+gpak <s+e.
- ZkZl lograk
Thus, if a, is large enough, we have
log u(B(x,,)) _(s+€) (Xpzilogra,) +€log(X2°_ 7, +m) — nG1— G
logt, = XPllogra, +log(X%_ora,+m)+nD1+Dg

If @ > 1 is the polynomial decaying ratio of {r,}, then by Lemma we get that the tail

decay asymptotic of Y.°°_ 7,4, is @ — 1. We can then rewrite the above inequality as

log i(B(x,t,)) _ (s+€) (XpZtlogra,) +eK(a—1log(rq,) —nG1—Gs
logt, = Y llogre, +K(a—1log(ra,)+nD1+Dy

where K is the constant implied in the tail asymptotic for {r,}. By Theorem [3.7.4] and
Theorem [3.7.2, we can take an increasing subsequence a,, so that

—log Tay,

lim

np—1 =00,
k—co _Zk:1 lograk

1
lim ——1logr,, =oo.

k—oco np
We get then
log u(B(x,t
lim gHB(x, tn,) <e.
k—oo logty,
Letting ¢ — 0 we conclude that d(x) < s as we wanted. |

From the above result and proposition [2.3.7, we can conclude that for such measures,
dimH H= 0.

3.9 Computation of dim, u

In the previous section we completely determined the Hausdorff dimension of the mea-
sures of our interest. Now we proceed to compute the packing dimension. First we give a
lower bound for the upper local dimension. The proof uses similar ideas to the proof of
Theorem [3.8.3f we choose a particular cover of the ball and use that the Birkhoff sums

for the potentials —logp,,,—logr,, grow faster than linear.
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Proposition 3.9.1. Suppose T is a Gauss-like map and p is an infinite entropy Gibbs

measure with controlled decay. Then

: log u(B(x,r))
limsuyp————— =5
r—0 logr

for u almost every x € 1.

Proof. By Birkhoff’s Ergodic Theorem, we have that

. fn,l
lim — =p;

n—oo p

almost everywhere, where f, is as defined in the proof of Lemma and
Theorem hold in a set of full measure as well. We pick a point x where the three
results hold. Since p1 <1, we can pick a subsequence k, /" oo such that aj, # 1 for every
n. Then, for all n, take ¢, = min{|Ix,|, I} |,|1I; 1} =1} |

I¢ I, I,
[ fn | | \ |
l\ x| 1

B(x,r,)

Figure 3.3: Relative position of the intervals and ball.

Here we denote Ifl =I(a1,...,an-1,a,+1) and I, = I(ay,...,ay-1,a, — 1) whenever a, > 1.
This choice of r,, implies that B(x,t,) <1 f;n uly, Ul Zn In figure We show this inclusion.
From the Gibbs property and the fact that ¢(x,),¢(x,+1), and r,,r,+1 are comparable,
it follows that there are constants C1,Cg > 0 such that u(/ ,’; ul,ul;)=<Cy(l,) and
|1 f;l > Cy|I,| for every n. Using this and Lemma we have that

log u(B(x, tn)) _ log(C1p,))
logr, ~ log(Cally, 1)
logC1 +knG1+Ga+ X logpy,
> )
logCo—Do—Ek,logDq + Zfﬁllograi

By Lemma [3.4.3|and Theorem [3.5.2] the last expression converges to s, as desired. W

Giving an upper bound for the upper local dimension requires a more involved analysis
of the geometric structure of the partition and its relation to the geometry of the balls.

We will need the following lemma:
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Lemma 3.9.2. Suppose that {r,} decays polynomially with degree a > 1. Then, for every
0 <6 <min{1/3,(a — 1)/(a + 1)}, 0 <n < 1/2 there exists ko € N such that

log¥ ™ p., _1+6

= +n
log anikktll rm @=0

forall k=kgand neN.

Proof. Recall that for such sequence {r,}, we have that s = 1/a. Fix 0 < § < min{1/3,s(a -
D/(a+ 1)}, 0 <n < 1/2. Note that this implies that

9] 1 1406
—<8s=—< .
a-1-0 a a-0
Now, since
I (1+0)log2+dlogk ) - 1+6
1m =
k—oologla—1-0)+(a—1-06)log(k-2) a-1-6 a-96
and

lim (1+6)log(2k) 1+6
1 =
k—oo (@ —6)log(k—1)—log3 a-6’

we can find kg € N such that

(1+6)log2 +5logk _1+5
log(a—1-06)+(@—1-0)logk—2) ~a-6
(1+6)log(2k) 1+6

< +n
(a—0)log(k—1)—1log3 a-0

for all £ = k(. It can be proved using calculus that for § < (a —1)/2, the inequality

(1+06)log(2k) < (a—06)log(k —1)—1log3

holds for sufficiently large %, so we can take k¢ large enough so that this holds. Finally,

we can take k¢ large enough so that we also have

pi+6 = Pk

for all £ = k(. Let n € N. We divide in two cases:
Case 1: n = k. Then

n+k _ n . 1
”;kpm T (2k)1+0 T Q1+0p0
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and
n+k+1 n+k+1 1 00 1 1 1
Z Tm = Z a—55 Z a—és _1_5( _ a—1—5)
k-1 m=k—11M m=k-1M a (k—-2)
for all £ = k(. Then
log¥ ™" p,, 3 (1+6)log2+Slogk _1+
logy " “logla—1-0)+(a—1-0)logk-2) a0
for all & = k.
Case 2: n <k. Then
’g"' - n+1
mzkpm T (2k)1+0
and
n+k+1 n+k+1 1 n+3 (n_|_1)
Y rms ). < < :
i1 a1 ma—6 (k- 1)a—6 (k- 1)a—6
Hence

logXnh pm _ (1+6)log(2k) ~log(n + 1)
logy™th+l p,, = (a—08)log(k —1)—log3 —log(n +1)

We use the following Lemma:

Lemma 3.9.3. For a,b,c >0 such that a —c,b —c > 0, we have that

b—

Q
)

=<

o
Sal S

if and only if b = a.

We can use this with a = (1+6)log(2k), b = (a —)log(k —1)—log3 and ¢ =log(n + 1). This
implies that

logY. " pm (1+8)log(2k) 1+6
< < +1.
logy il r, — (a—0)log(k—1)—log3 ~ a—6
for all £ = k¢, as we wanted to prove. [ |

With the previous lemma, we can now prove the upper bound for the upper local dimen-
sion. The proof is based on carefully choosing the covers of the balls; such covers must be
fine enough so they are not affected by Theorem (3.7.2] This means that we want to cover

the ball with cylinders of the same scale, otherwise, the cover would yield trivial bounds.
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Proposition 3.9.4. Suppose T is a Gauss-like map and p is an infinite entropy Gibbs
measure with controlled decay. Then
. log u(B(x, 1))
limsup————<s
r—0 logr

for palmost every x € 1.

Proof. Let x be a point where Theorem and Lemma applied to f = —logrg,

hold. Given r > 0, there exists a unique natural number n = n(r) such that
()| <7 <|[p-1(2)l.

Note that n — oo as r — 0. Let 6 > 0 and 7 as in Lemma |3.9.2| Then there exists kg €N

such that

log Y™ p,, _1+8

= +n
log anikktll Tm @~ o

for all £ = k¢. Recall that by I} (x) we denote the cylinder I(ay,...,an-1,a, —m), where
(ap) is the sequence coding x and m < a,. We separate the proof in two cases:

Case 1:

I,=1I(ai,...,an-1,ko) € Blx,r).

Figure 3.4: Case 1

This case is shown in figure In this case, using Lemma |3.5.1| we have that
log(u(B(x,r))) = log(u(az,...,an-1,k0)))

n-1
> ) logpg, +1logpr, —nG1—Ga.
k=1

We get then
log u(B(x,r)) _ Y7 ogpa, +logpr, —nG1-Gs
logr - Y 1logra, +nD1+Ds
(3.3) < (S+5)ZZ;%10grak +108pk0—nG1—G2.

Y7 1logra, +nD1+Ds
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Case 2:
I(ai,...,an_1,k0) € B(x,r).

I/I
I\I I | X I

B(x,r;)

Figure 3.5: Case 2

This implies that there exists 21 € N such that

k1

-1
I*%(x) c B(x,r),
=1

> 3

1
k-
IF (%)
m=0

>r

as shown in figure 3.5, and consequently

n-1 k1—-1
log(u(B(x,r))) = ) logpg, + log( pan_k) —nG1-Go
k=1 1

Gl

1

n-1
logr < Z logrg, +log( ran_k) +nD1+Dos.
0

k:]. k:

We obtain then

_ k1-1
log(u(B(x,r))) _ Yr ilogpa, +log (Zklzl pan—k) -nG1 -Gy

logr Zz;i logrg, +log (221:0 "a,,—k) +nD1+ Do

Using inequality (3.9.2)

n— 1+6 k
log(u(B(x,r))) _ Sitlogpay + (25 +n)log (X4t e, k)~ nG1 -Gy

logr Zzgilograk +10g(2’,§1:0ran_k) +nD1+ Do
For 6 > 0, there exist ny € N such that

-Y71logqq,

I s+0
_Zkzllograk
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for all n = ny. We obtain

_ k
log(u(B(x,r)) _ s+ §)Lptlogra, + (X5 +n)log(X4L  ra, &) ~nG1-Go

logr - Z,’;}lograk +log (ZZLO ran—k) +nD1+Do
ZZ;%IOgrak +log (Z];?:o ’"an—k) -nG1-Gg

Y4 oil0gra, +10g(Z4Lora, 4]+ nD1+Ds

1+6
(3.4) Smax{(s+6),(— +17)}.
a—0

By Lemma we have that the right hand side of (3.3) and (3.4) converge to

1+6
(s+9), max{(s+5), —_— +17)}
a—0
respectively. We conclude that
1 B 1+0
limsupM < max{(s +6),| ——=+n }
r—0 logr a—0
Letting 6 — 0 and n — 0, we obtain the desired result. |

Corollary 3.9.5. For an infinite entropy Gibbs measure u with infinite entropy and
controlled decacy, associated to a Gauss-like map, we have that 0 = d(x) <s = d(x) for

almost every point, and hence | is not exact dimensional.

Proof of theorem 38.1.2] The previous corollary gives us the almost sure behavior of
the local dimensions, and hence, we have obtained values for both the packing and the

Hausdorff dimension. [ |

3.10 A measure with positive dimension

In this section we construct an EMR map 7' and a measure p with infinite entropy and
positive Hausdorff dimension. For a sequence {r,} cR,, such that } ,, r, = 1, consider the

partition of the unit interval [0,1] given by I(n) =[b,+1,b,], where

b1=1,
n-1

bp=1-) rjforn=2.
k=1

By construction, the diameter of each interval is |I(n)| = r,. Define the map T by

T(x)= (b, —bps1) ' x—bpi1-(by—bpi1) L for x € I(n).
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Thus, T restricted to each interval I(n) is a linear bijection to [0, 1]. Since the map T is

piecewise linear, it is easy to prove that

I(a1,...,ap)l =rg, ... Tq

ne

for every finite sequence (a1,...,a,) € N*. For the measure, we take the Bernoulli measure

1 constructed by assigning measure{p,} to the cylinders I(n) in the following way:

1
1. sq=BP1_q
logry
K,
2. pp= forall n=3,
Pn = G Daogn+ 2 "
K,

_ foralln>3.
"+ Dlogn+1))32 7 AT

Here K1,K> are constants that ensure that the first condition holds as well as ), p,, =
Y .rn =1, and their values are K; = 0.52 and K3 = 0.48. We can modify the value of po
and rg if it is necessary in order for the conditions above to hold. It is easy to see that
there is a constant C € (0,1) such that
0<C=< M, [ntl <1
Pn I'n

for all n =1, and that p,, <r, for all n = 3.

Observe that for our map and measure (7, 1), the value of the decay ratio is s = 1. The
following lemma proves that almost every point does not have long sequences of digits
equal to 1. This implies that the orbits of the typical points do not spend much time near
the right end of the unit interval. The proof is an easy application of the Borel-Cantelli

lemma:

Lemma 3.10.1. For u-almost every x € I, T"(x) € A, := I(1,...,1) (where the cylinder
consists of n —1 consecutive 1’s) for finitely many indices n = 2. In particular, there exists

no = no(x) such that for every n = ng, there is k € {|n/2],...,n — 1} such that ay # 1.

Proof. Let B, =T "A,, and note that u(B;) = u(A,) :p’f_l, where p; = u(I(1)). Since
p1 € (0,1), we have that ), u(B,) < co. By the Borel-Cantelli lemma, u(fx € I | x €
B, i.0.}) =0, proving the result. [ |

The next lemma shows that the decay ratio not only gives the asymptotic logarithmic
comparison between the measure and the diameter of the cylinder I(n), but also of blocks

of neighboring cylinders of the form I(n)uI(n+1)uU...uIl(n+m):
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Lemma 3.10.2. For every € > 0, there exists ng = no(€) such that

logzn+m+2

W21—€

for all n =ng and m =0 (including when m = o).
Proof. Fix ¢ >0 and define ny = max{3,n1}, where n1 is given by

. log3
ni=mini n: <e€

_ Ko/2
log ((log(n+1))1/2 )

Then, for n = ny and m =0 we have

nim Ky/2 log3
lo <lo < <
g ,;n Tk =108 an Th= ((log(n N 1))1/2) ¢
since n = n1 and
log¥ 7™ py o1
logzn+m -
since n = 3. This implies that
log¥ 3 7 *?pr _log(8L351"pk) _ log3 N logy " Pk _
logzn+m - logzn+m r logzn+m r logzn+m

for all n = ny and m = 0 as we wanted to prove.

Note that as a consequence of the previous lemma, we have that s= 1 for our system. We

proceed to prove the main result:

Proposition 3.10.3. Let T be the unique orientation preserving piecewise linear map

defined by the sequence {r,}, and u be the unique Bernoulli measure defined by the

sequence {pn}. Then d(x) =1 for u-almost every point. In particular, | is exact dimensional

and dimpg p=dim, pu=1.

Proof. Let x be a point where Theorem [3.5.2]and lemma [3.10.1}hold, 1 >r >0 and € > 0.

We write (a1,a9,...) for the sequence codlng x. Then, there exists n = n(x,r) such that

[I,(x)] <Cr=<|I,_1(x)|.
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3.10. AMEASURE WITH POSITIVE DIMENSION

This implies that r < C~Y1,,_1(x)| = C~1 HZ;lpak <Pa, 1+1 HZ;%pak =I(ai,...,ap—9,a,-1+
1.

We need to find a suitable cover of B(x,r). We start by proving a few reductions; these
rule out the cases when the radius of the ball is of a similar scale as |1,,].

Reduction 1: we can assume a, > 1. Suppose a, = 1. By lemma (3.10.1], if r is small
enough, we have that there exists & = k(x,n) € {{n/2],...,n — 1} such that a; # 1, and
define & = sup{k €{1,...,n—1} | ap # 1}. Then we have

B(x,r)cI(ay,...,apn-2,an-1)Ul(ay,...,ap-2,a,-1+Hul(ay,...,a; — 1).

Since the first two cylinders are strictly to the left of the third one and correspond to

strictly smaller scales, we can bound the measure of the ball by
u(B(x,r)) < 3ull(ay,...,a; —1)).
Noting that for all & € &+ 1,...,n}, ar =1 and that k> [n/2], we have that

logu(B(x,r) _ log3+logC™" + Yk_ logpa,
logr B Zgzllograk +I€10gr1 .

Reduction 2: we can assume
I(ai,...,an-1,1) ¢ B(x,r).

Otherwise, we have that r = [I(a1,...,a,-1,1)|, and giving the same argument as in the

previous reduction, we obtain the bound

log p(B(x,r)) _ log3+logC™" + Yk _ logpa,
logr - Zézllograk +(k +1)logry

where % is defined in the same way as in the previous reduction.

Reduction 3: we can assume
I(aq,...,ap_1+1,1) ¢ B(x,r).

Otherwise, we can bound the radius of the ball by r > |I(a1,...,a,-1+1,1)| and conse-

quently obtain the bound

logp(B(x,r)) _  log3+logC™"+ Yk_ logpa,
logr 10gC+Z]]::110grak +(k+ Dlogry
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where £ is chosen in the same way as in reduction 1.

Reduction 4: we can assume
I(aq,...,an_1+1,ko) Z B(x,r),

where kg = kg(€) is the constant ng(e) as in lemma [3.10.2] Similarly as in the previous

reduction, if that was not the case we have the bound

logu(B(x,r)) _  log3+ logC~1+Y%_ logpa,

logr - 10gC+ZEleograk +k\logr1+logrk0.

The three first reductions imply that we can assume
B(x,r)cI(ai,...,an-1)Ul(a1,...,an-1+1).

We divide now in cases, according on where does the left end of the ball falls. Denote by
' (a,...,a,)),0"I(a1,...,a,)) the left and right endpoints of the cylinder I(ai,...,a,)
respectively.

Case 1: x—r>0d'(I(ay,...,an)).

This implies there exist a,, >m,m’ =0 such that
U(ay,....an—-m)<x+r<dU(ay,...,an—m))
(ay,....an+m)<x—r<d d(ay,...,a,+m").

By the reduction 4 we can assume a, —m > ky. We can now cover then the ball by

ant+m'

Bx,r)c | I(@i,...,an-2,an-1,k)
k=a,-m
and bound the radius by
1 ap+m'-1
r>—= U I(al,...,an_g,an_l,k) .
2 k=a,-m+1
We obtain the bound
logu(Blx,r) | Yizilogpa, +logxy™ p
logr ZZ Hogra, +10g20‘”er n1+1rk —log2
Y2 tlogpa, +log L5t ™  pi
>
Yh Hogra, +log2a”+m 2, +1logC —log2
Y2 llogpa, +log X5t 21y
>(1-e¢)
an+m -2

Y lograk+log2 m Tk +1ogC —log2

68



3.10. AMEASURE WITH POSITIVE DIMENSION

Case 2: x—r=0'I(a1,...,an))

This is the limit of the previous case. In this case there exists m < a, such that
'I(ay,...,an-m) <x+r<d(ay,...,a, —m)).

Again, we can assume a, —m > k. Thus, we can cover the ball by
(0,0
B(x7r)c U I(aly"'7an—27an—17k)
k=a,—m

and bound the radius of the ball by

(0.¢]

U I(ala"'7an—27an—17k) .

k=a,-m+1

r>

By using lemma (3.10.2| we obtain the bound

logu(B(x, 1) _ Yr_ilogpa, +1ogX2, . pi
logr - ZZ;% logrg, +10gZZ°:an_m ri +logC —log2

Zz;i 1ngak + 1ngzozan—m Tk

>(1-¢)
Zz;i logrq, + logzg’:an_m ri +logC —log2

Case 3: x—r <0’(I(ay,...,a,)). In this case, there exist m < a, — ko and m’ > 0 such that

0(a1,...,an—-m))<x+r<0d U(ay,...,ap—m))
’I(ay,...,an-1+1,1,..., ) >x—r= ’I(ay,...,an-1 +1,1,...,1)).
N—— N——
m'+1 m'
This can be interpreted as finding the shortest sequence of ones such that the ball

contains the cylinder I(a1,...,a,-1+1,1,...,1), where the sequence of ones if of length

m' + 1. This implies we can cover the ball by

oo
B(x,r)c U I(aq,...,ap_9,an_1,R)UI(a1,...,a,_1+1,1,...,1)
——

k=a,-m ;

m
and we can estimate the radius by
1 0 1
r>— U I(ai,...,apn_9,an_1,R)|+=I(a1,...,an-1+1,1,...,1)|.
2 |k=ap-m+1 2 ——
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With this, we obtain the bound

-1 !
logu(BCs,r) _ Lizilogpa, +log(CpY + 52, )
logr ZZ;} logrg, +log (CrT'+1 + ch;an_m rk) +logC —log2

! s—e

>
ZZ;% logr,, +log (Cr’l'”l + X —m rk) +1logC —log2

Zz;ilogpak +min{s1,S—e€}log (Cr’lnl + ZZ":an_m rk)

>
ZZ;}lograk +log (Cr’ln 14 Y, m rk) +logC —log2

We finish the proof by observing that in all reductions and cases we have a lower bound
for log(u(B(x,r)))/logr in terms of a fraction having numerators and denominators of
comparable growth, up to multiplicative coefficients. Since such bound must hold for all

choices of r, we obtain that

log u(B(x,r)) -

liminf l-¢
r—00 logr
for almost every x, from where we obtain the result. [ |

3.11 Final remarks of the chapter

Theorem implies that for maps such that {r,} decays polynomially, the Hausdorff
dimension of ergodic invariant measures with infinite entropy is equal to zero under

mild independence and regularity assumptions on the measure.

Question 1. Is there an ergodic invariant measure u for a Gauss-like map with h, =

Ay =00, and dimg pu > 0?2

We believe that the infinite entropy condition and the polynomial decay of the size of the
partition forces the Hausdorff dimension to drop to zero. The example from the previous
section shows that this might not be the case when r, does not decay polynomially fast.

We also formulate two questions for a more general case:

Question 2. What can be said about the almost sure value of the symbolic dimension

when p is only assumed to be ergodic?

Question 3. What can be said about dimg u when u is only assumed to be ergodic?
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The main difficulty with questions 2| and (3|is that our methods rely on the asymptotic
independence of the digits in the symbolic space. This implies that we can write the
measure and diameter of cylinders in the form of Birkhoff sums, allowing us to use
ergodic theoretic methods to study the almost sure behavior of such sums. For measures
which do not satisfy any kind of independence assumption, we are not able to use such

techniques. Based on these remarks, we finish the chapter with the following conjecture:

Conjecture 1. For the Gauss map, there are no invariant ergodic probability measures

with infinite entropy and positive Hausdorff dimension.
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CHAPTER

LIMIT LAWS FOR SEQUENTIAL AND RANDOM
DYNAMICAL SYSTEMS

4.1 Introduction

In the previous chapter we studied asymptotic properties of iterations of a single map
and their associated invariant probability measures. In this chapter, we focus on a
problem where we consider compositions of possibly different maps, belonging to a
common family. We study a particular family of non-uniformly hyperbolic maps and
their limit laws with respect to a reference measure (Lebesgue). In particular, we are
interested in studying large deviations and central limit theorems for both deterministic
and random compositions of such maps. The complications are twofold: on one hand, the
lack of uniform hyperbolicity of the maps makes the traditional methods used to obtain
limit laws (quasi-compactness of the transfer operators) obsolete, as they rely on the
quasi-compactness of the transfer operator on certain spaces, a property which no longer
holds when the maps are not uniformly-hyperbolic. On the other hand, the fact that
there is no common invariant measure for the family makes the time series associated to
a given potential non-stationary. This implies that in order to study the fluctuations of

the Birkhoff sums around their expected value, we must randomly center the sums.

The theory of limit laws and rates of decay of correlations for uniformly hyperbolic and
some non-uniformly hyperbolic sequential and random dynamical systems has recently

seen major progress. For expanding and uniformly hyperbolic maps, the works of Kifer,
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[Kif91] and [Kif92] are foundational. Other results in this area include: in [CRQO7] strong
laws of large numbers and centered central limit theorems for sequential expanding
maps; in [AHN"15], polynomial decay of correlations for sequential intermittent sys-
tems; in [NTV18l, sequential and quenched (self-centering) central limit theorems for
intermittent systems; in [ANV15], annealed versions of a central limit theorem, large
deviations principle, local limit theorem and almost sure invariance principle are proven
for random expanding dynamical systems, as well as quenched versions of a central
limit theorem, dynamical Borel-Cantelli lemmas, Erd6s-Rényi laws and concentration
inequalities; in [AA16], necessary and sufficient conditions are given for a central limit
theorem without random centering for uniformly expanding maps; and in [BB16b] mixing
rates and central limit theorems are given for random intermittent maps using a Tower
construction. Recently the preprint [BBR19] considered quenched decay of correlation
for slowly mixing systems and the preprint [AF18] used martingale techniques to obtain
large deviations for systems with stretched exponential decay rates.

More precisely, we consider in the first instance a fixed deterministically chosen se-
quence of maps ...Ty,,...,Tq, in the sequential case, or a randomly drawn sequence
...Ty,,..., Ty, with respect to a Bernoulli measure v on Z:={T1,..., T:.}N, where each of

the maps T'; is a Liverani-Saussol-Vaienti [LSV99] intermittent map of form

x+2% %% 0<x<1/2,
Taj(x) - )
2x—1, 12<x<1

for numbers 0 < a; < a < 1. In figure the graph of T, is shown for a particular choice
of a.
We consider the asymptotic behavior of the centered (that is, after subtracting their

expectation) sums

n

Swi= Y. 90Ty 00Ty
k=1
n

n

Sn:=8,—ESp) =Y ¢o(Tg00Te)— Y mlpoTy, 0 0Tq,)
k=1 k=1
for sufficiently regular observables ¢. Denote by m Lebesgue measure on X :=[0,1],
and by m(¢) the integral of ¢ with respect to m. We will also consider the measure m
given by dm(x) = x~“dm, where 0 < a; < a < 1. The motivation for introduction of this
measure is that in the case of a stationary system, if a; = a for each &, then a natural

and convenient measure to use is the invariant measure pu, for Ty, which behaves near
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Figure 4.1: In red, T, for a = 0.8. In blue, the identity map.

0 as x~%. In the stationary case large deviation estimates are given with respect to 4
and m in [MNOS8].

In the sequential case of a fixed realization we are interested in the large deviations of

the self-centered sums S ». In particular, we obtain a bound of the form
m {x : |§n| > ne} < Ca,(p,ep(n)_l.

for e>0 and n =1, where Cy ¢ is a constant and p is a function of polynomial growth.
We also obtain large deviations with respect to m, which are in a sense sharper. In the
sequential case centering is clearly necessary.

In the annealed case we consider the random dynamical system (RDS) F: £ x[0,1] —
2 x[0,1] given by F(w,x) = (tw,T¢,x) for v = (a1,as,...) € Z, where 7 is the left-shift
operator on X. For v a Bernoulli measure on X, we suppose p is a stationary measure for
the stochastic process on [0, 1], that is, a measure such that v® u is F' invariant. This
assumption is valid in the setting we consider. If ¢ is an observable such that u(¢) =0,

we obtain a bound of the form
ve u{(w,x): Syl > ne} < Ca,(‘,,,ep(n)_l
And similarly, in the quenched case, once again assuming u(¢) = 0, we give bounds for
mix:|S,|>ne} < CUC,(,,,ep(n)_1

for v-almost every realization w € Z. Note that in both the annealed and quenched case

the centering is only on average; there is no random (sampling) centering.
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Since the maps we are considering are not uniformly hyperbolic, spectral methods used
to obtain limits laws are not immediately available. Our techniques to establish large
deviations estimates are based on those developed for stationary systems, in particular
the martingale methods of [MINO08, Mel09].

Using recent work of [AA16] and [HS20] we extend the results of [NTV18] on quenched
central limit theorems (CLT) for centered observables over random compositions of
intermittent maps in two ways, first by enlarging the parameter range over which the
quenched CLT holds and second by showing as a consequence of results in [HS20] that
the variance in the quenched CLT is almost surely constant and equal to the variance of
the annealed CLT.

We also study the necessity of centering to achieve a quenched CLT using ideas of [AA16]
and [ANV15]. The work of [ANV15] together with our observations show that centering
is necessary ‘generically’ (in a sense made precise later) to obtain the quenched CLT in
fairly general hyperbolic situations.

More concretely, we improve some earlier results of [NTV18]. We describe these results

in what follows:
Theorem 4.1.1 (INTV18]). Let ¢ be a C1([0,1]) function, and assume that

o2 :=var(S,) =E[(S, —E[S,D?] > nP.

n-

If
O<a<1andﬁ>—,
9 2(1-2a)
then
Sn = N(0,1).
Un

The previous result is with respect to the Lebesgue measure. Our improvements to this

theorem are the following:

¢ we show that the sequential CLT in [NTV18, Theorem 3.1], [HL19], holds for the

sharp a < 1/2 (from a < 1/9) if the variance grows at the rate specified.

¢ we show that the CLT holds not only with respect to Lebesgue measure m but also

for dm = x~*dm, which scales at the origin as the invariant measure of T',.

¢ in the case of quenched CLT’s of [NTV18, Theorem 3.1], using results of Hella and
Stenlund [HS20] we show that the variance 03) is almost-surely the same for any

sequence of maps and equal to the annealed variance o2.
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4.2 Notation and assumptions

Throughout this chapter, m denotes the Lebesgue measure on X :=[0,1] and 28 the
Borel o-algebra on [0, 1]; by [x] will denote the smallest integer greater or equal to x. We

consider the family of intermittent maps given by

(4.1)

)

x+2%1te 0<x<1/2,
Ta(x) =
2x—1, 12<x<1

for ¢ €(0,1).

For pf € (0,1) denote by Pg, = Py,: LY(m) — L'(m) the transfer operator (or Ruelle-Perron-
Frobenius operator) with respect to m associated to the map T3, = T}, defined as the
“pre-dual” of the Koopman operator f — f o T}, acting on L°°(m). The duality relation is

given by

kafgdm:ffgodem
X X

for all £ € L'(m) and g € L®(m) [BG97, Proposition 4.2.6]. For a fixed sequence {Br} such
that 0 < B, < a for all &, define

T*:=...,Tp,,....,Ts,
‘Trrrll ::Tﬁno”.oTﬁm’ g—n ::‘g—ln

Py =Pg o---0Pg ,  P":=!

We will often write, for ease of exposition when there is no ambiguity, 7,00 T, as
T,o---oT,, and Pg,o0---0Pg as P,o---0Pp,.
Since L1(m) is invariant under the action of the transfer operators, the duality relation

extends to compositions

f@gfgdm:f fgod, dm.
X X

We will write E,,[¢|Z] for the conditional expectation of ¢ on a sub-o-algebra & with

respect to the measure m. To simplify notation we might write [E for [E,,.

Remark 4.2.1. In [CRO7, NTV18J it is shown that

po---oPgi1(p-24(1)) P

P
4.2 EnlpoT | %) =
(4.2) [poT 1T "] D)

for0</?<k.
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One of the main tools to study sequential and random systems of intermittent maps is
the use of cones (see [LSV99], [AHN™15], [NTV18] ). Define the cone %> by

@y :={f € C°(0,1)NL(m) | f =0, f non-increasing , X**'f increasing , f (x) < ax~*m(f)},

where X (x) = x is the identity function and m(f) is the integral of f with respect to m. In
[AHN™15] it is proven that for a fixed value of a € (0,1), provided that the constant a is
big enough, the cone €6 is invariant under the action of all transfer operators Pz with
O0<pf=a.

Notation. In general we will denote the transfer operator with respect to a non-singulalﬂ
measure (i (not necessarily Lebesgue measure) by P,. Similarly, the (conditional) expecta-
tion will be denoted by [E,,.

Denote the centering with respect to u of a function ¢ € Li(X, W) by

1
4.3 T pp— d
(4.3) [p]" =0 00 J P O

In particular, for g(x) := x~%, denote the measure gm by m, the corresponding transfer

operator by P:= Pgm, and the (conditional) expectation by Ez 1= Egp,.

Random dynamical systems.

Now we introduce a randomized choice of maps: consider a finite family of intermittent
maps of the form (4.1I), indexed by a set Q = {f1,...,Bn} < (0,a). Given a probability
distribution P = (p1,...,pm) on Q, define a Bernoulli measure PN on X := QN by P*N{w :
Wi, = P-4, = B} = Hle p;; for every finite cylinder and extend to the sigma-
algebra generated by the cylinders of X by Kolmogorov’s extension theorem. This measure
is invariant and ergodic with respect to the shift operator 7 on %, 7: £ — X acting on
sequences by (1(w));, = wp+1. We will denote PN by v from now on.

For w = (w1,w2,...) € X define I := Tyny), 00Ty, =T, 0---0Ty,. The random dynam-

ical system is defined as

F:2xX—-2xX

(,x) — (10, Ty, x).

The iterates of F' are given by F"(w,x) = (1" (w), T} (x)).

IThe measure p is non-singular for the transformation 7' if u(A) >0 = w(T'(A)) > 0.
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We will also use Q-indexed subscripts for random transfer operators associated to the
maps T, so that P, := PTwi' We will also abuse notation and write P, for P, if
w=(w1,ws,...,0n,...).

A probability measure u on X is said to be stationary with respect to the RDS F' if

W(A) = f (Toha) dviw) = Y ppu(T5HA)
z BeQ

for every measurable set A, where pg is the P-probability of the symbol . This is
equivalent to the measure v ® u being invariant under the transformation F': £ x X —
ZxX.

See Remark about the existence and ergodicity of such a stationary measure in our
setting.

The annealed transfer operator P: L'(m) — L1(m) is defined by averaging over all the

transformations:

P= Z ppPp :fPa, dv(w).
BeQ z

This operator is “pre-dual” to the annealed Koopman operator U: L°°(m) — L*®(m)
defined by

Up)) = Y ppo(Tsa) = fz P(To0)dv(w) = fz F(@)0,0dv(0)
peQ

where ¢(w,x) := @(x). The annealed operators satisfy the duality relationship
f Uep)-ydm :f ¢-Pydm
X X

for all observables ¢ € L®(m) and v € L(m).

4.3 Background results and the Martingale

approximation

In this section we describe the main technique used to prove some of the limit law results:
the martingale approximation, introduced by Gordin [Gor69]. Since there is no common
invariant measure for the set of maps {77}, for a given C! observable ¢ we center along
the orbit by

[p]), (w,x) := w(x)—f){¢oﬂj dm,
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with % = Id for k = 0.
This implies that [E,,( [(p] po T k)= 0 and consequently the centered Birkhoff sums

n
Spi=) [(p]kog'k,
k=1

have zero mean with respect to m. Following [NTV18]], define
(4.4) Hy:=0and H,09 " :=Ey, (S,-11%,) for n =2
and the (reverse) martingale sequence {M,} by

My:=0and S, =M, +H, 109",
where the filtration here is %, = J " %. Define v, € L'(m) by setting

Yn= [(P]n +H,—Hpi10Thq1,

then M,,-M,_1 =¥, o9 " and we have that E(M},|%,,+1) = 0. Thus {y, 0F "} is a reverse

martingale difference scheme. An explicit expression for H,, is given by

(4.5)

H, [Pr([0],-1 Pn-11) + PuPn-1([@], 3 Pn-21) + -+ PuPp_1---P1([¢] P01)].

1
T o
Remark 4.3.1. The formulas derived so far with m being the Lebesgue measure actually
hold for any measure u that is non-singular for the transformations Tz considered. The
conditional expectations £y, will be with respect to u and the transfer operator P, will be
with respect to the measure space (X, ). In particular the centering will have the form

o) 1 P
(], (@,%) = () M(X)wa Ty dp,

but all other equations are the same, with the notational changes just described.

We collect and extend some results from [NTV18] concerning the properties of H,,, as
well as the non-stationary decay of correlations for the sequential system.

We state first a few formulas for changing from a measure m to the measure g(x) dm(x)
with g € L1(m); for simplicity, we denote this new measure as gm when there is no

possibility of confusion.

Lemma 4.3.2 (Change of measure). We state this result only for the situation we need,
but it holds also for any measure u non-singular with respect to T in place of m the

Lebesgue measure, and instead of g(x) = x~% for any g € L'(u), g > 0.
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Note that LY(gm) = g1 -L'(m), so all formulas below make sense for ¢ in the appropriate

L1-space.
We have:
m(p) = m(Pp, )
(4.6) Pyn(@) =8 "Pr(gy)
gm _ m_m(ge) .
glo]®" =[s¢] ig) &

Egm (@l 9B) = En (89| B)/E (g1B)
Therefore
(4.7) (Pt ([0)5™) = g7 1Pk | [g0]™ - ":rﬁfg";) [g]™

Proof. The first two properties are standard and follow from the definition of the
transfer operator. The third is a direct computation using the notation (4.3).

For the fourth, Eg,,(p|9) is the function @ that is %-measurable and [Py d(gm) =
J oy d(gm) for each v € L°°(%). Expanding the LHS,

f(I)w d(gm):[(Du/g dm:fq)w[Em(gIQB)dm
whereas the RHS becomes
f(pwd(gm)=f<pwgdm=f[Em(g<pI98)wdm

Thus ®F,,(g|AB) = E,,(gp|AB), as claimed. |

Proposition 4.3.3 (INTV18]). If ¢,y are both in the cone €5 and have the same mean,
Jx @dm = [y wdm, then by [NTV18| Theorem 1.2]

12"(@) = 2" @) 11 < Ca (10l 10y + 1W 1) 2~ log n)

Moreover [NTV18, Remark 2.5 and Corollary 2.6], for p € C L h € 65 and any sequence of

maps I °:
|2 ((20)™) | 1m = Ca (I@llcr +miR)) ™ (log )i

where C, depends only on the map T, and & : R — R is an affine function.
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The decay result of Proposition for products of elements in the cone with C?
observables (see also [LSV99, Theorem 4.1]), follows from Lemma which was
stated in [LSV99, proof of Theorem 4.1]. The proof of Lemma is given next; a
different — less transparent — proof is given in [NTV18, Lemma 2.4].

Lemma 4.3.4. Suppose ¢ € C! and h € 6. Then there exist constants 1,A,B € R such
that (p + A + Ax)h + B and (A + Ax)h + B both are in €2 and hence if [ @hdm =0 then
||92’j((ph)||L1(m) < CoDll@hlpim) where p(j) is the LY(m)-decay for centered functions

from the cone 65.
Note that in our setting p(j) = j_é“(logj)%.

Proof of Lemma4.3.4 Let f1 =(¢p+Ax+A)h+B and f3 =(A + Ax)h +B.
First we show that f; € 6. It is clear that f1 € C°(0,11n L1(m). Choose A < 0 such that
Al > ll¢'llL~ and A >0 large enough so that

p+Ax+A>0.
This ensures that f; = 0 for any value of B = 0. Note now that
(p+Ax+A)Y =¢'+1<0

so ¢ + Ax + A is decreasing. Since both ¢ + Ax + A and A are positive and decreasing, we
obtain that f; is decreasing as well. We show now that x**1£; is increasing. Since 4 € s,
h is non-increasing so A’ exists m-a.e. and A’ <0 m-a.e. Then (x**14) exists m-a.e. as

well, and we can compute this derivative as
@Y =(a+ Dxh+ xR 20

because it is increasing.

We compute now the derivative of x**1 fo:

x* (@ +Ax+ A)h +B]) = (a+ Dx%ph + 2 L9 h + 2 L ph' + (a +2)x* T hA+
AxP2R + (@ + DAx*h + Ax* R+ (a + Dx"B.

We group terms conveniently: note that
(@+Dx%@h +(a+DAx h +x“Loh' + Ax* B = (9 + Al(a + Dx%h + h'x* 1= 0

m-a.e., since the term in the square brackets corresponds to (x**1%) = 0. The term

Ax**2h' is non-negative m-a.e. since A,A' < 0. Since 0 < A(x)x® < am(h), we have 0 <
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—x%1h < (@ + 1)x%h < (a + 1)am(h) and then the terms (a + 2)Ax*"1h + x** 1 h¢' are

bounded. Thus, we can take B > 0 big enough so that
(@+1)x"B = (a +2)Ax* 1k + 2 Lhy.

With this, we have that (x**14) = 0 and so x** ' is increasing.

Finally, we check that f1(x)x® < am(f71). Using that h(x)x* < am(h),
[(p+Ax+A)h+Blx® <(p+ Ax + A)hx® + B <sup(¢ + Ax + A)am(h) + B.

On the other hand, am((¢ + Ax + A)h + B) = ainf(¢ + Ax + A)m(h) + aB, so it suffices to

have

sup(@p + Ax + A)am(h) +B < ainf(¢ + Ax + A)m(h)+aB

a

= Bz— il [sup(g + Ax + A) —inf(¢ + Ax + A)|m(h).

a

Thus, we see that f1 € 62. The proof that fs € €5 is the same, take ¢(x) = 0. |

A consequence of Proposition is the non-stationary decay of correlations (INTV18,
Page 1130])

'fX<P'1//°Twn°---°Tw1dm—m((,0)'m(WOTwn°---°Tw1)

< ||w||oo'@3<<p)—@g(1 fX wdm)

Li(m)

We derive next decay estimates with respect to the measure m, which are better in L?,

p > 1, than those for m.

Proposition 4.3.5. For ¢ :[0,1] — R bounded, h € 63 and 1 < p < oco:

(4.8) Héf” () “ < m(@)ll@llL=gm)

Leo(m)

For ¢ € CX([0,1]), h€e 65 and 1< p <oo:
oph -1 m 144 1
(4.9) |7 (Ie™ r20] ™) < CoZ1 (l@llor + m(h) n~ 5+ (logn)s

@10 7" ([ me]")|

LY(m)
1.1, 1
iy = CaT (19l + m() n e (logn)e

where C, depends only on Ty and &, are affine functions.

Note that the L' and LP bounds are relevant only for ¢ € CL.
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Proof. To prove the L™ estimate (4.8) note that by the invariance of the cone %65,
P (g) € 6o, 50 P (g) <x *m(PP"(g)) =x *m(g). That is, using (4.6),

P"1)=g 12" (g) < m(g)

Since —|l@llz=1 <@ <|¢@lr~1 and P are positive operators, we obtain (4.8).
For (4.9) assume that ¢ € C I (otherwise it is clearly satisfied). In view of (@.7):

m(gy)
m(g)

—lg;,n([h(p]m)_ g—lgg,n([g]m)

|7 (1™ mel”)

LiGw) Hg L(7)

4.11) _ Hgf ([he]™) - ’f;fg";)@n([gm

N ‘ m(gy)
m(g)

Li(m)

e e I

By [NTV18, Theorem 1.2], there is an affine function % : R — R such that for ¢ € C 10,10
and h € 65 can write [ph]" = W1 — ¥y with W1, ¥ € 6» and 1120 710m) < FUl@lcr +
m(h)). By [NTV18, Theorem 1.2], for an observable v in the cone 62 and for any sequence

of maps I *°, we have

/X 12" ([w]™)| dm = Callyllp1gmyn ™= (ogn)e

where C, depends only on T',. Applying these to (4.11), we obtain (4.9).
Finally, note that the L! and L™ bounds give (4.10), since

1-1 1
(4.12) 1AL < I fllpes 1117,

because

[t = [urng= et i,

Lemma 4.3.6. Let € C' and a < 1. Then

¢ iflsp<i-1
”Hn og " "LP(m) =< p,“,||(pllc1+m(g) Lt N f p 11 )
Cp,a,ll(pllcl wmgn P “(logn)re  if p>max{l,- -1}

and the same bounds hold for IIﬁn o T ™ Lrm), where
HpoJd" =k, ([Sn—l]m |%n); ﬁn 0T " :=Ex ([Sn—l]ﬁl |<%n): PBn =T "AB.
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Proof. We prove the statement for H,. The one for H,, is obtained the same way, using
Proposition [4.3.3]instead of (4.9).

Using the definition of H,:

(4.13)

- n
|H» °L°7n”Lp(ﬁl) = <>

-1
Lrm) k=1

q)of’/‘k]ml%)

wocof‘k]mle%’n)

kZi[Em( £

We will bound each term of the above sum in both L! and L, and then use @.12) to

obtain an LP-bound.

£

In L' we use (4.2) to compute the conditional expectation. Since the conditional expec-

Lr(m)

In L®> we have

=<

k m
poT ]
Le(m)

wofk]ﬁle%n)

< 2[l@ |l Loo(m)-
Loo(7)

tation preserves the expected value, one can check that the centering holds as written
belo We can then use ({.9) for the decay, with & = 2*(g), because 2*(1) = g 127*(g).

. Pyo-wwoPa (o7 )|
[E~( po Tk | ) = — og"
H " [ ] " L) 21(1)
Li(m)
_ _ __ i _ _ 7
= Pno-..oPk+1( w.@k(l)] ) L1(~): ‘Pno'--OPk+1( (p.g—lyk(g)] ) L)
m m

< Co 1 Ipllcr +m(@H (@) (n — k)™ (log(n - k).

Note that m(2*(g)) = m(g), so the coefficient above does not depend on k.
Apply now (4.12) to obtain for 1 < p < oo that

H[Em([woa*k]mwn)

which gives the desired bound upon summing over 2 =1,...,n—1. [ |

1

-141 11
< Cp.alplp+me |(n—k) o (log(n — k)«
LP ()

A useful remark is the following lower bound for functions in the cone %5:

Proposition 4.3.7 (ILSV99, Lemma 2.4]). For every function f € 65 one has

1-a } m(f)

Denote the constant in the above expression by D . Then "1 =D, >0 for all n = 1.

a(l+a)
all

xei[rcl),fuf(x) =f(1)= min{a,

25 2Pk (1)) = m(po T *) because, by the definition of the transfer operator, f(p-@%(l)dﬁz = f(pog-k .
1dm
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We will also use Rio’s inequality, taken from [MPU™06]. This is a concentration inequality

that allows us to bound the moments of Birkhoff sums.

Proposition 4.3.8 ((IMPU06, Riol7]). Let {X;} be a sequence of L? centered random
variables with filtration %; = 0(X4,...,X;). Let p =1 and define

u

b, n=max | X Z

; i
isus<n 2

EX:|F)Le,

14

then
n p
EIX1+ - +X,?P < (4p Y bi,n) .
i=1
Finally, we recall a theorem of Liverani which allows us to establish distributional

convergence of stationary systems.

Theorem 4.3.9 (special case of [Liv96, Theorem 1.1]). Assume T :Y — Y preserves the
probability measure n on the o-algebra 9. Denote by P its transfer operator.
If 9 € L®(n) with n(¢)=0and ¥}, IIPk<,0||L1(,,) < oo then a central limit theorem holds for
Sp:= ZZ:l po Tk with respect to the measure n, that is, %S n@ converges in distribution
to N(0,02). The variance is given by

o0

o® = -n(@*)+2 ) ng-@oT").

k=0

In addition, 02 = 0 iff o T is a measurable coboundary, that is poT =g—goT fora

measurable g.

Note that this theorem uses essentially bounded observables; we will apply this theorem

to continuous observables in compact domains.

4.4 Polynomial large deviations estimates

In this section we prove the large deviation estimates for sequential, annealed and

quenched cases.

4.4.1 Sequential dynamical systems

Recall we fixed a sequence 7 =... Ty ,...,Tq, where each of the maps is of the form

x+2% %% 0<x<1/2,
Taj(x) = )
2x -1, 12<x<1
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for 0 < aj < a <1. In the first part of this section we prove that for such a fixed sequence

of maps 9 °°, a polynomial large deviations bound holds for the centered sums.

Theorem 4.4.1 (Sequential LD). Let 0 < a < 1 and ¢ € CX([0,1]). Then the centered sums
satisfy the following large deviations upper bound: for any € >0 and p > max{l, % -1},

- ; - _1 1

m {x: Z[(p(?TJ)(x)— m(p(T 7)) > ne} < Ca,p,ll(pllclnl a(logn)ae 2p
j=1

where C =Coqp,|¢|,, is a constant depending on a, p and the C! norm of ¢, but not on

the sequence I °°.

The same estimate (by the same proof) holds for the measure m.

Remark 4.4.2. In [MNOS8| these bounds are shown to be basically optimal since in the
case of a single map T, being iterated there exists an open and dense set of C* observables
¢ such that for any 6 > 0, ,u{x : Z;.‘:l[(p(f’/_f)(x)— m((T )] > ne} > Cenl—é—c? infinitely

often for the absolutely continuous invariant measure (.

Proof of Theorem [4.4.1] We prove the estimate for m, the one for m is obtained the
same way.

Fix n and for i € {1,...,n}, define the sequence of o —algebras %, , = %, = g ~(=i)(3). Note
that &; c ;.1 hence {Ji}?zl is an increasing sequence of cr—algebras. Take X; = [(p] nei©
"%, so that X; is #; measurable. Recall that y; = [¢|; + H;j—H;.10T;s1 for all j > 0.
We define Y; =vy,_;0F " ! h;=H,_joF " ‘forie{l,....,n}). Hence Y; = X; +h; — h;_1.
Note also that ¥; := 0(X4,...,X;) c o(F1,..., %) = F;, as 0(X;) c &; for all i. Since
E(y; 0T 1T "198) =0, E(Y;|F;) = 0 for all j > i. Hence E(Y;|¥9,)) = E(E(Y;|F))|¥9,) = 0 for
Jj=i.

For p = 1 define b; , as in Rio’s inequality, with ¢;, X; as described above so that

X, Z F(X1,|9;)
k=i

b; » = max
i<u<n

LP(m)
Here all the expectations are taken with respect to m.
Recalling the expression we have for the martingale difference, we can write the sum

inside the p-norm as

Z[E(Xk|(g)—Z[E(Yk|€g) E(hr|9;) +E(hr-119%;)]
k=1 k=i

Z E(Yz1¥4:)
k=i

+E(h;i-119;) —E(h,1%)).
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If £ > i, then E(Y%|%;) = 0. This reduces the expression above to
E(Y;14;) + E(h;-11%;) — E(hy|9).

We note that |E[f1¥4]l, < f |, for any f € LP(m), p = 1. Therefore, we may bound b, ,

by max;<y<n IXilooUYillp + 1Ai-1llp + 1Ay llp).

We now pick p > max{1, % —1}. Since || X |l is uniformly bounded by 2|l¢|l and Y; = X; +
hi~hi-1, we may bound max<u<n 1 Xilool1¥illp+12i-1 114 l1) by Cap gt n 745 logn)e
where Cqp gl is independent of nn. This is a consequence of Propositionm

Therefore (4p Y. ; b;n)F < Ca,(p,pn%*(l‘é)(logn)%. By Rio’s inequality E| X1+ Xo+ -+

X, %P < Ca,(p,pnzp“l_%)(logn)é. Thus, by Markov’s inequality,

1 1 _1 1
m( X1+ + X, 2P >n?Pe?P) < Ca,(p,p(n_zpe_zp)nzp“l_a)(logn)a = CUL,W,n1 a(logn)ee 2P

4.4.2 Random dynamical systems

Now we prove large deviations estimates for the randomized systems. First we recall
some notation. The annealed transfer operator P: L1(m) — L1(m) is defined by averaging
over all the transformations:
P=) psPg :wa dv(w).
BeQ z
This operator is dual to the annealed Koopman operator U : L*°(m) — L°°(m) defined by
U@ = Y. ppoTp) = [ @(Tun)dvi) = [ §F@,x)dvw)
peQ

where ¢(w,x) := p(x). The annealed operators satisfy the duality relationship
f(U(p)-w dm:f @-Pydm
X X
for all observables ¢ € L°(m) and vy € LY(m).

Remark 4.4.3. It is easy to see that the averaged transfer operator P has no worse rate
of decay in L' then the slowest of the maps (so better than n_éﬂ(logn)%, by Proposi-
tion . By taking a limit point of % ZzzlPk(l), there is an invariant vector h for P
in the cone 65, see [LSVI99|. The measure u= hm is stationary for the RDS; by Proposi-
tiond.3.7 h=D, > 0.

Moreover, Bahsoun and Bose [BB16b, | BB16al have shown that there exists a unique
absolutely continuous (with respect to the Lebesgue measure) stationary measure (i, and

vV ® U is mixing — so also ergodic.
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Using the same idea as in the proof of Theorem [4.4.1, we can obtain an annealed result
for the random dynamical system. Note that P, the transfer operator with respect to
the stationary measure p, satisfies P,1 =1 and so [|P,¢llco < Pu(ll@lloo) = 1@ lloollPullleo =
¢llo. An easy calculation shows that P,(¢) = %P(h(p) where h € 65 is the density of the
invariant measure u and hence 2 = D, m(h) is bounded below. As before this observation
allows us to bootstrap in some sense the Ll(u) decay rate to L?(u) for p =1, a technique
used in [MNOS8|, Mel09].

Theorem 4.4.4 (Annealed LD). Let ¢ € C1([0,1]) with u(p) =0 and let 0 < a < 1. Then
the Birkhoff averages have annealed large deviations with respect to the measure v®

with rate

n .
Y. 90|z net < Capgin’ T (logn)ac 2

j=1

(ve wilw,x):

for any p > max{1, % -1}
Note that the Birkhoff sums above are not centered for a given realization w, only on

average over X.

Proof. To prove this result we will use the construction used to prove the annealed CLT
in [ANV15]: let Xx := X™o, endowed with the o-algebra ¢ generated by the cylinders,
and the left shift operator 7: Xx — Zx.

Denote by 7n the projection from Xx onto the 0-th coordinate, that is, n(x) = xo for
x = (x9,x1,...). We can lift any observable ¢: X — R to an observable on Zx by setting
Qr:=@om: Zx —R.

Following [ANV15, §4], one can introduce a 7-invariant probability measure ., on Xx
such that E,(¢) = E, (), and the law of S, (¢) on £ x X under v ® u is the same as the
law of the n-th Birkhoff sum of ¢, on Zx under u. and 7; thus it suffices to establish
large deviations for the latter.

Define now

n
Hy,:=Y Pig):X —R
k=1

From the relation P,(.) = %P(.h), we have that |P;(p)lL1,) = Ca,¢n1_é(logn)1/‘x be-
cause () = 0. We calculate [EHIPL(<P)|p = [Eu[IPL(w)Ip_IIPL(w)I] < IIPL((p)llgo_lIIPL((p)IIL1(M).
Hence |P}(@)lLr < CEY"Y9P(logk)VP® and thus |H, sy satisfies the bounds of
Lemma [4.3.6
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We lift ¢ and H), to Zx and denote them by ¢, and H,, ; respectively, and define
Xn:=@p+Hp;—Hp,071:2x —R.

We now continue as in the proof of Theorem applying Rio’s inequality. For i =
1,...,n take the sequences {X; = ¢, ot i} {Y; = Xn—i 01"} and ¥; = 1-"Y¥. We have
E,,[Yil%]1=0 for £ > i and so, for p >max{l, 1 -1},

L1q_1 1
<cn'trd “)(logn)l’“
LP(uc)

u
X)) E, (Xil9)
k=i

b; » = max
isusn

which gives, as in Theorem |4.4.1],
Ue(| X1+ + X, |2 > n?Pe?P) < Ca,(p,pnl_é(logn)ée_zl’
[

Using similar ideas, it is possible to obtain an annealed central limit theorem. This has
been established already by Young Tower techniques in [BB16a, Theorem 3.2]. We include
the statement of the annealed central limit and an alternative proof for completeness

and to give an expression for the annealed variance.

Proposition 4.4.5 (Annealed CLT). If a < % and ¢ € C* with u(p) = 0 then a central
limit theorem holds for S, ¢ on X x X with respect to the measure vQ® y, that is, %Sn(p

converges in distribution to N(0,02), with variance o2 given by

o= - +2 Y weUrp)
k=0

Proof. We will use the results of [ANV15, Section 4] and [Liv96, Theorem 1.1] (see
Theorem [4.3.9). We proceed as in Theorem [4.4.4] using the averaged operators U and
P. As in [ANV15, Section 4], to U corresponds a transition probability on X given by
U(x,A) =3 g{pp:Tpx € A}. The stationary measure  is invariant under U. Extend u to
the unique probability measure y. on Xy := XNo = {x = (x0,x1,%2,...,%n,...)}, endowed
with the o-algebra ¢ given by cylinder sets, such corresponding to y such that {x,},>0
is a Markov chain on (£x,%, 11.) (where x, is the n-th coordinate of x) induced by the
random dynamical system. The left shift 7 on Zx preserves u.. Given ¢ : X — R, u(¢p) =0,
we define ¢, on Zx by ¢,(x0,x1,%2,...,%,...) 1= @(x9). As in [ANV15] Section 4], to prove
the CLT for S, (¢) with respect to v® u on X x X it suffices to prove the CLT for the
Birkhoff sum Z;‘:O Pr o 7% with respect to y. on Xx.
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We introduce the Koopman operator U and transfer operator P for the map 7 on the
probability space (Zx,%, u.). We define the decreasing sequence of o-algebras %4, = 17k,
and note that P, U satisfy PEU*f = f and U*P*f = Eu. (f1%) for every u.-integrable f.
We note that ¢, € L=(u.). As in [ANV15, Lemma 4.2] we have ﬁn((pn) =(P"@)z. Thus
Zzozoﬁkwn converges in Ll(uc) ifa< % and therefore }_7° | f(pnﬁk(pnducl < 0o. Thus the
result for Z;‘:O QO 7% follows from [Liv96, Theorem 1.1]. The stated formula for o2 is
also given in [Liv96, Theorem 1.1]. [ |

We will use the annealed and sequential results to obtain quenched large deviations for
random systems of intermittent maps. We denote the Birkhoff sums by S, ,,(x) to stress

the dependence on the realization w.

Theorem 4.4.6 (Quenched LD). Suppose ¢ € C' and p(¢p) =0. Fix 0 < a < 1. Then, given
p > max{l, % —1}and x := [f‘_—pa] for v-almost every realization w € X the Birkhoff averages
have large deviations with polynomial rate, even without centering: there is an N(w) such
that for each € >0

m{x:Sp e >4ne} < Ca,p,(pnl_%(logn)%e_’( for n = N(w).

Note that the Birkhoff sums S, ,,¢p above are not centered with respect to the realization

w, only on average over X.

Remark 4.4.7. The point of the above Theorem, compared to the sequential Theorem4.4.1]
is that for almost each realization the large deviation estimates hold even without
centering. That is, the contribution of the means (with respect to the measure m on

X) can be ignored for almost each realization w.

Proof of Theorem Choose p > max{l,é —1} and € > 0. By Theorem , for all

wEeE?Z,
1 1
m{x: —=Sn0plx)——
n n

_1 1
ZG}SCa,p,(pnl a(logn)ae 2P

n .
m(@oTi)
=1

J
with C, , s independent of w. Integrating over X with respect to v we obtain

1 12 ;
v®m{(w,x):‘—Sn,wtp(x)——Zm((pOTi,)
n n iz

_1 1
ze}sCa,p,wnl a(logn)ae 2P

By Theorem |4.4.4] we also have the annealed estimate for the non-centered sums:

1 1-1 L _9
vem(w,x):|=Spopx)|=er <Cqpon a(logn)ee =P
n
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Theorem [4.4.4| refers to the measure v ® u but since (Zlm = % < Di the large deviations

>2€}

1 -
_Sn,a)(p(x) - Z m(gpo TZ))

b,

estimate applies also to v ® m. Observe now that

{(w,x): 1 S
n =

Y mpoTl)

Jj=1

<e,

< {(wax) : ‘lsn,w(l)(x)
n

g

1
U{(w,x): ';Sn,wq)(x)

Thus
1¢ J 1-1 L _g
vem<i(w,x):|=Y m(poTy)|>2er <Kqpon' a(logn)ee P
j=1
and, as there is no dependence on x € X, this means
1Z J 1-1 1 9
(4.14) viw:|=) mlpoTy)|>2er <Kgqpon'  a(logn)ae P
j=1
Denote §:= ——1>0

The proof we give does not give an optimal value of x. In the case > 1 a simpler proof
may be given but the resulting exponent « is also not optimal and no better than the
estimate we give.

Let 7= % and 6 > 0 small. Choose y = %(,B ) 0= £—6 and x = [(1+ 8~ 1)(4p)] = [1 1.
Then (2py — )T < —1 and yx > f for 6 >0 small enough.

For e = n™" the bound becomes

gan

Consider the subsequence nj :=k*. As (2py — )1 < —1, for v almost every w there exists
an N(w) such that for all n, > N(w),

n

@oTy)

>2n~ 7}<K ol 2Py p - ﬁ(logn)a

<2n

1
Zm(q)OTJ)
Nk j=1

If np <n<np,q then

np . n :
Zm((png))+ Z m((poT{U)

k|j=1 Jj=np+1

12 -
=) mlpoT)|<—
n =

lplloo

<2n,"+ |ng+1—ngl
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There is K > 0, independent of w, depending only on 7, ¥ and |¢|«, such that

- ol _ .
2nk7+h|nk+1—nk|<3n Y if k=K.
ng

1
nlit

Indeed, limp, . "r’i—zl =1, élnk+1 —ngl= O(%), % =0(-1-) and n V" < n™" because 1/7 > Y-
Increase N(w) such that n > N(w) implies n = K" and Cy , ,n"* P(logn)V* > 1.
We will show that for n > N(w)

( 1
m|x:
n

=Sn,0p(x)

> 46) < Cquppe “n Plogn)V®.

Suppose € < n~". Then Ca,p,(,,e_"n_ﬁ(logn)l/“ > Ca,p,(pny’(_ﬁ(logn)l/“ > 1 and there is

> 6) < Ca,p,(pe_Qpn_ﬁ(logn)l/“

nothing to prove.
Ife=n"" and n > N(w) then, as I% Z?:l m(po Tyl < 3e,
{ 1
X:
n

1 12 :
—Shwpx)| = 46’} c {x | =Snep®)— =) m(poTy)
n n 5

Hence the result holds by Theorem |4.4.1] as

1 12 ;
m (x : ;Sn,w(p(x)_ - Z m ((POchu)

Jj=1

and 2p < k. [ |

We remark that the methods used to prove these results in the uniformly expanding case
are not applicable here, as they rely on the quasi-compactness of the transfer operator.
In the uniformly expanding case, which has exponential large deviations for Holder

observables, it is possible to obtain a rate function.

4.5 The Role of Centering in the Quenched CLT for
RDS

In this section we discuss two results: Proposition that the quenched variance is
the same for almost all realizations w € X, and Theorem that generically one must
center the observations in order to obtain a CLT (as opposed to LD Theorem where
centering did not affect the quenched LD). Note that these hinge on the rate of growth of
the mean of the Birkhoff sums; we see that it is o(n) but not o(y/n). We use the recent
paper by Hella and Stenlund [HS20] to extend and clarify results of [NTV18].
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In [NTV18, Theorem 3.1] a self-norming quenched CLT is obtained for v-a.e. realiza-
tion w of the random dynamical system of Theorem More precisely, recalling
the definition of the centered observables [¢] p(0,%) = p(x) —m(po T, %) and o2%(w) :=
Sz, [¢], (@,Tkx)]" dx it is shown that 5@ Lpe1 (@], (@, 0T F — N(0,1) provided
o2 =~ nP, with a < % and > m Various scenarios under which 02(w) > n” are given
in [NTV18]. See also [HL19].

If the maps T, preserved the same invariant measure then it suffices to consider observ-
ables with mean zero, since the mean would be the same along each realization. In the
setting of [ALS09] this is the case, namely all realizations preserve Haar measure, and
the authors address the issue of whether the variance o2 (w) can be taken to be the “same”
for almost every quenched realization in the setting of random toral automorphisms.
They show that for almost every quenched realization the variance in the quenched CLT
may be taken as a uniform constant. The technique they use is adapted from random
walks in random environments and consists in analyzing a random dynamical system on

a product space.

A natural question is whether in our setup of random intermittent maps, after centering,
o,(w) can be taken to be “uniform” over v-a.e. realization. Recent results of Hella
and Stenlund [HS20] give conditions under which %0’%(&)) — o2 for v-a.e. w, as well as
information about rates of convergence. Note that this is also true in the context of

uniformly expanding maps considered by [AA16] using the same method used in [HS20].

A related question is whether we need to center at all. For example, if u(¢) =0, where u

is the stationary measure on X, then for v-a.e w

n

lim lz

n—oopn it

P TI)-m@TI)| -0  for prae. x

by the ergodicity of v ® i, but also

lim 1 i m ((p(ﬂ"a{)) -0 for v-a.e. w,

n—con
by the proof of Theorem So for the strong law of large numbers centering is not
necessary. Using ideas of [AA16] we consider the related question of whether centering is
necessary to obtain a quenched CLT with almost surely constant variance. We show the
answer to this is positive: to obtain an almost surely constant variance in the quenched

CLT we need to center.
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4.5.1 Non-random quenched variance

For Proposition |4.5.1}, we verify that our system satisfies the conditions SA1, SA2, SA3
and SA4 of [HS20[; then, by [HS20, Theorem 4.1], the quenched variance is almost surely

the same, equal to the annealed variance.

Proposition 4.5.1. Let a < 2, ¢ € C! and define the annealed variance

2

Sp— Spdvem

.1 9 o1
02 = r}l—%lo; ”[Sn]V@m ||L2(v®m) = lim — S X

n—oopn

L2(vem)

= 2(2—50k)1imf2[m(¢i¢i+k)—m(<ﬁi)m(<pi+k)] dv
k=0 b0

If 02 > 0 then for v-a.e. w

1 - qm
1' _ 6"’.]. _’dNO 2
Jim =3 [o7i]” ~ N0

in distribution with respect to m.

Remark 4.5.2. Proposition shows that the annealed CLT holds for a < % and under
the usual genericity conditions the annealed variance satisfies 0 > 0. Thus Proposi-
tion extends [NTV18, Theorem 5.3] from the parameter range a < % to a< % Note

that [HL19J, proved the CLT for a < %.

Proof of Proposition We will verify conditions SA1, SA2, SA3 and SA4 of [HS20,
Theorem 4.1] in our setting, with n(k) = Ck_é”(logk)é in the notation of [HS20].
SA1l: If j > i then

'fwogaf(x)¢03'a{(x)dm—fwogaf(x)dmf(poga{(x)dm‘

_ ‘ f 9o T T ix) ()P 1dm — f 0P 1dm f PP 1dm| < C(j—i) = (log(j - i)«

by the same argument as in the proof of [NTV18, Proposition 1.3].
SA2: Our underlying shift o : £ — X is Bernoulli hence a-mixing.
SA3: We need to check [HS20, equations (4), (5)] that

‘fw(ka ka—l M Twlx)dm - f (p(ka ka—l M Twr+1x)dm < Cn(k - 7').

This follows since

f (T, Tur,, - T, x)dm — f (T, Tor, . ---Twa)dm‘
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= ’fqo(x)Pkawk_1 ---Pwlldm—f<p(x)Pkawk_1---Pwr+11dm
= ”(p”OO”P“’kPwk—l "'Pwr+1[1_Pwr"'Pwll]”L1
Since 1 and P,,, --- P, 1 both lie in the cone and have the same m-mean, we have
1 1
|PwiPos 1 Popai[1 =P, -+ Py 11| ;1 < Clk - )"« (log(k — r))a

by [INTV18, Theorem 1.2].
SA4: (0,X,v) is stationary so SA4 is automatic. |

4.5.2 Centering is generically needed in the CLT

Now we address the question of the necessity of centering in the quenched central limit
theorem. We show that if [¢@dug, # fcpd,uﬁj for two maps T'g;, Ts;, where g, is the

invariant measure of T4, then centering is needed: although

. i - aJy _ gy _d 2
Jim == 1[(,0(Jw) mp(T)| —¢ N(©,0?)

for v-a.e. w, it is not the case that

o) =4 N(0,0?)
1

lim —
n—oo \/ﬁj

n
for v-a.e. w.

Our proof has the same outline as that of [AA16], adapted to our setting of polynomial
decay of correlations. First we suppose that the maps T's, do not preserve the same
measure. After reindexing we can suppose that T')s, and T3, have different invariant
measures and that [odug, # [@dug,, a condition satisfied by an open and dense set of
observables. Recall that the RDS has the stationary measure du=hdm, h =D, >0 and
we have assumed (@) =0, p € €.

Our proof can be summarized in the following steps:

¢ First, construct a product random dynamical system on X x X and prove that it

satisfies an annealed CLT for ¢(x,y) = ¢(x) — ¢(y) with distribution N(0,52);

¢ then, observe that almost every uncentered quenched CLT has the same variance
only if 202 = 62, where the original RDS with stationary measure du = hdm
satisfies an annealed CLT for ¢ with distribution N(0,0?);
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* next, observe that the conclusions of [AA16, Theorem 9] hold in our setting and
6% =20? if and only if lim, o L f5 (X721 fX¢09fhdm)2 dv=0;

¢ finally, using ideas of [AA16], we show the limit above is zero only if a certain
function G on X is a Holder coboundary, which in turn implies [ odug, = [@dug,,

a contradiction.

Let ¢: X — R be €', with Jx ¢du =0, and define S,,(¢) = Zz;é @(T*x) on Z x X. Recall
the standard expression (e.g. see [AA16]) for the annealed variance,
o? = lim lf f [Sh(@)1? dudv.
n—oon JrxJx

We also consider the product random dynamical system (Z:=Xx X x X, v:=veueu,T)
defined on X2 by Tw(x,y) = (Twx,Tyy). For an observable @, define @: X2 R by ¢(x,y) =
¢(x) — (), and its Birkhoff sums S, (). In Theorem [4.5.3|and Corollary 4.5.4] we show
% Z}‘:l @oT7 -2 N(0,52) with respect to v® yu® u for some G2 = 0.

The following lemma from [ANV15] is general and does not depend upon the underlying

dynamics. It is a consequence of Levy’s continuity theorem (Theorem 6.5 in [Kar93]).

Lemma ([ANV15, Lemma 7.2]). Assume that 02 >0 and 62 > 0 are such that

1 Si‘/(ﬁ(p) converges in distribution to N(0,02) under the probability v e u,

2. S\"/(%p) converges in distribution to N(0,52) under the probability v ® Uy,

3. W converges in distribution to N(0,0?) under the probability W, for v almost

every w.
Then 202 = 2.

We will show that the system F(w,x,y) = (To, Ty, x,T,,y) with respect to the measure
ve u? on X x[0,1]2 (recall that v:=P®N and p is a stationary measure of the RDS) has

summable decay of correlations in L2 for a < %, and as a corollary it satisfies the CLT.

Theorem 4.5.3. Suppose that for w € Z, h = 3—51 € 65 and each ¢ € € with m(ph)=0

I1Pw, - Pou (@R L1m) < Co@m)(ll@llgr + m(h)).

Then there is a constant C, independent of w, such for each v € €1(X xX) and ¢ €
L>®(X x X) with (u® u)(y) =0, one has

Utp(?wnx,ﬂ“w”x)w(x,y)du(x)du(y) <Com)llro(lylpr +1)
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Proof. Since X x X is compact, ¥ is uniformly € in both variables in the sense that

w(x0,y) is uniformly 6? for each xy and similarly for w(x, yo). We want to estimate
I:= f (T x, T y)w(x, y)d ple)d uy).
Define
T@= [P, h) =9 - T,

Then y,hy, €€ Lx ), with %¢1-norms bounded by 2(|¥ |41, uniformly with respect to x.

We can write I as

= f‘P(ffwnx,%ny) [w(x, y) —p(x, y)] dpx)d u(y)

N

ma
+ [ 0T, T T D).

Define now g, »(y) := (T x,y). Then (note that [ A (y)h(y)dm(y)=0)

1) = ‘ f ( f gw,x@w"y)hx(y)dm(y)) d ()

_ ’ [ ( | gw,x(y)@ﬁ(hx@)h(y»dm(y))du(x)
< lplizeo sup | 25 RO L1y
< C'l@lL=(lyligr +mh))p(n).

by the hypothesis.
Similarly, define %, ,(x) := ¢(x,9 ' y) so then (again, Jw@)h(x)dm(x) = 0)

L) = ‘ f ( f kw,y(%”x)mx)du(x)) d,u(y)‘

- ‘ f ( f kw,y<x>9>;‘@(x)hm)dm(x))du(y)'

< C'll@lioUlyll4r + m(h))p(n).

These imply that |I] < 2C" @l L=(l¥llg1 + m(A)p(n). u

Corollary 4.5.4. Under the assumptions of Theorem for v € € LX x X) with
(Lo w(y)=0, ﬁ Yi W o F*(w,x, ) satisfies a CLT with respect to v® i ® i, that is

N i o F*w,x,y) ~¢ N(0,6?)

in distribution for some &% = 0.
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Proof. Let @ be the adjoint of F(w,x,y) = (cw, Ty, x,T,,y) with respect to the invariant
measure v® ® i on X x X2 so that

f @ o F(w,x,y)w(w,x,y)dux)d u(y)dviw) = f P(w,x, Y Q) w,x,y)du(x)du(y)dviw).

for ¢ € L°(Z x X x X). Iterating we have
f 90 F"(,,y)y(w, %, )dp(0d p(y)dviw) = f 9,2, 9)Q )@, %, AU H(»)V(®).

Taking ¢ = sign (™), we see from Theorem that 1@y llz1 < C'p(n).
The proof now follows, as in Proposition [4.4.5, from [Liv96, Theorem 1.1] (see Theo-
rem [4.3.9). [

Suppose two of the maps T'g, and T'g, have different invariant measures. It is possible to
find a € ¢ such that [@dug, # [@dug,. In fact, [ pdug, # [ pdup, for a €2 open and

dense set of ¢.

Theorem 4.5.5. Let ¢ € C* with u(p) =0 and suppose that [¢ dug, # [ ¢ dug,. Then it

is not the case that

lim —
n—o00 \/ﬁj

@(TZ ) — N(0,0?)
1

n
for almost every w € X. Hence, the Birkhoff sums need to be centered along each realization.

Proof. We follow the counterexample method of [AA16, Section 4.3]. We show that in
the uncentered case 202 # 2. To do this we use [AA16], Theorem 9] which holds in our

setting, namely 62 = 202 if and only if

2
) 1 n—1
(4.15) '}13)10 Z(ﬁkgi X(prk...Pwn(h)dm) dv=0

(as in [AA16, Section 4.3] we change the time direction and replace (w1,ws,...,w,) by
(wn,we,...,w1); this does not affect integrals with respect to v over finitely many symbols).

Note that the sequence P, P, ...P,, h is Cauchy in Ll asa< % and
1 1
IPw,Puy ---Pa,(h) =Py, Puy ... Py, ... Py, (R)ll1 < Cn”a*(logn)a

by Proposition Thus P,,P,,...Py,h — hy in L1 for some h, € €. This limit

defines A, interms of ® :=(...,w,,w9,...,w1), i.e. w reversed in time. We define G(w) :=
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fX ¢@h,dm. Note also that [P, Py, ... Py, h—hyl1 < Cn~179 for some 6 >0, uniformly for

w € 2. Hence

n—1 1 2
— P, ...P, hd d

n—1 1 n—-1 1 2
:fz(k;lﬁ(L(ph,kwdm+0(k;1—(n_k)l+5))) dv

which gives, using (4.15), that

. = 2
(4.16) lim i (ﬁ (k;lG(rkw))) dv=0.
We put a metric on Z by defining d(w,w') = s(w,w')_1_§ where s((u,w,) =inf{n : w, # a);l}.
With this metric X is a compact and complete metric space. Note that |h, — A ol =
Cs(w,0)”? hence G(w) is Holder with respect to our metric.

As in the Abdulkader-Aimino counterexample, implies that G = H - H ot for a
Hoélder function H on the Bernoulli shift (7,Z,v): by [Liv96, Theorem 1.1] (see Theo-
rem G is a measurable coboundary, and therefore a Holder coboundary, by the
standard Livsic regularity theorem (see for instance [VO16, Section 12.2]). Now consider
the points 7 := (f1,P1,---) and B; := (B2, P2, -*) in Z; they are fixed points for 7, and
correspond to choosing only the map T's,, respectively only the map Ts,. This implies
G(B]) = G(B;) = 0 which in turn implies [@dug, = [@dug,, a contradiction. [
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CHAPTER

STATISTICAL PROPERTIES OF KAENMAKI MEASURES

5.1 Introduction

In this chapter we prove some results concerning the statistical properties of Kdenmaki
measures. This is part of an ongoing project at the time of submission of this thesis. These
measures provide the right generalization of Gibbs measures (see definition for
self-affine systems when studying the dimension of the corresponding attractors. While
we introduce the theory in a general setting, we will work in a particular case of IFS
consisting of matrices which are diagonal or anti-diagonal. In this case, the Kdenmaki
measures measures admit an explicit description in terms of Gibbs measures on an
associated graph directed system. We prove that such measures are not mixing (theorem
[6.3.4), and that they satisfy a 0-1 law for the measure of shrinking targets associated to
cylinders (theorem [5.3.7).

5.2 General theory

Recall the definition of self-affine system from chapter [2} a set of contractions {S; : X —
X,i=1,...,m}on aclosed set X c R"” such that S;(x) = A;x+b; for linear transformations
A;. In this setting, there exists a set E called the attractor of the self-affine system, such
that

E=]Si®).
=1
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CHAPTER 5. STATISTICAL PROPERTIES OF KAENMAKI MEASURES

A historical problem is the investigation of the fractal properties of the set E for different
classes of self-affine systems. When the IFS consists of similarities, then the problem

becomes much easier: if the maps S; are such that
1Si(x) = Si(Y) =rilx—yl

for all x,y € X. It is possible to compute the dimension of the attractor of an IF'S consisting

of similarities if the attractor F' can be written as
m
F=S:),
i=1
where the union is disjoint enough. We make this notion more precise:

Definition 5.2.1. We say that the IFS {S1,...,S,} satisfies the open set condition (OSC)
if there exists a non-empty open set V such that
Ve lJSiv),
=1

where the union is disjoint.

Under this condition it is possible to compute the Hausdorff dimension of the attractor
(Theorem 3(i) in [Hut811]).

Theorem 5.2.2. Suppose that {S1,...,Sn} is an IFS consisting of similarities satisfying
the OSC. Then the Hausdorff dimension of F is equal to s, where s is given by the only

solution of
m
S _
Z ri=1L
=1

Example 5.2.3. For the Cantor set, the similarity ratios are ri =rg = % The OSC holds

with V =(0,1). Thus the Hausdorff dimension of the Cantor set is s =dimg F = %.

The techniques used to prove this have become standard in the conformal setting and
resemble some of the ideas used in chapter|3] in particular, the use of symbolic coding,
bounded distortion properties and Birkhoff and Shannon-McMillan-Breiman theorems.
These techniques rely heavily on the fact that for similarities (or even conformal maps),
we see the same rate of contraction in all directions. When we study self-affine sets, this
is not the case, as we may have directions where the contraction is much stronger than
others.

Given n x n non-singular matrix A we denote by 1> a; = a2 >...= a, >0 the singular
values of A, defined as the lengths of the semi-axes of the ellipsoid 7'(B) where B =
Bo(1)={xeR":|x| < 1}.
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Definition 5.2.4. Let 0 <s <n and A be a non-singular n x n matrix. The singular value

function is defined by
P (A)=arag - aryai ",
where r is the integer satisfying r—1<s<r.

One of the most important properties of ¢° is that it is submultiplicative:

Lemma 5.2.5. If A,B are non-singular n x n matrices, then we have that ¢*(AB) <
@*(A)p*(B).

Proof. This is lemma 2.1 from [Fal88]. |

Consider now an IFS {S1,...,S,,} consisting of affine transformations S;(x) = A;x + b;,

where the A; are n x n non-singular matrices. If we define the sums

ZZ: Z (ps(Ail...Aik),

@1,0iR)ET

submultiplicativity of the singular value function implies that the sequence %log Z; is
subadditive, and consequently, there exists a number X such that (ZZ)I/ k_, 27 for each

s.
Proposition 5.2.6. The following numbers exist and are equal:

1. the unique s such that X5 =1;

2.
inf{s : Z(ps(Ail...Aik) <oo} = sup{s : Z Z(ps(Ail...Aik) :oo}.
k=19, k=19
Proof. This is proposition 4.1 from [Fal88]. [

Definition 5.2.7. The number s from proposition is called the affinity dimension of
the IFS, and is denoted by d(A1,...,An).

One of the foundational results in the theory of dimension of self-affine sets is the

following theorem:

Theorem 5.2.8 (Falconer). Forall (b1,...,b,,) € R™" we have that dimg F <d(A1,...,A,).
If the contraction ratios r1,...,r, of the matrices A1,...,A,, are such r; < % for all i, then

we have that dimg F = min{n,d(A1,...,A,)} for almost every (b1,...,b,,) € R™".

103



CHAPTER 5. STATISTICAL PROPERTIES OF KAENMAKI MEASURES

Proof. This is the main theorem of [Fal88§]]. [ |

Similarly to the case of one dimensional maps, we can define a topological pressure for

higher dimensional systems.

Definition 5.2.9. For s € R, define the Pressure of the IFS by
o1
P(s)= lim —log (Z(ps(Ail . -Ain)) .
n—oon A

Let {S;(x) =A;x+b;,i =1,...,m} be a self-affine system, and consider the symbolic
space XN ={1,...,m}"N equipped with the product topology (or equivalently the topology
generated by the cylinder sets), and the dynamics of the left shift o: £ — 2. Let .4, be

the set of all o-invriant Borel probability measures on X.

Definition 5.2.10. A measure v € M is called a @*-equilibrium of the self-affine system
{S;}if

sup
HEMy

1
hy+lim — | logp®(A;, ---A;))dp
n—-oon Jx

is achieved at v. Here h, represents the entropy of the measure p (see definition .
When s is equal to the affinity dimension of the system, we call the corresponding measure

a Kdaenmaéaki measure.

Under certain irreducibility conditions on the set of matrices defining the IFS, the

corresponding ¢*-equilibrium measures have a Gibbs-like property.

Definition 5.2.11. We say that the family of matrices {A1,...,A,,} is irreducible if there
are no proper subspaces V cR" such that A;V <V for all i.

Theorem 5.2.12 ([FL02], [FK10]). For a self-affine system {S;(x)=A;x+b;,i =1,...,m}
with 2 x 2 irreducible matrices {A;}. Then {S;} has a unique @*-equilibrium m?®, which is

ergodic and satisfies the following Gibbs property:
C e POR s (i) <mi([i]) < Ce PR p3(1),
where P(s) is the pressure of the IFS.

We will assume that each map S; maps the unit square into itself. Under our assumptions,

there exists a unique non-empty compact set F [0, 1] such that

F=J8SiF
ies
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which we call the self-affine set associated to the system {S;} . We can describe the
structure of the system by using a symbolic coding. Let = = .#N and o: = — X the left shift
operator, that is, for i =(i1,i9,...) € Z, 0(i) = (i2,13,...). The topology of X is generated by
the cylinder sets [i] = {x € Z:x; =1i1,...,x, = i3} for i € #%. For any integer % and sequence

i=(@q,19,...), we denote ilp =(i1,...,i3). Forie #* = Ukﬂk, we write

S;j = S;,0--08

ip
With this, we can write a projection map from the symbolic space to the self-affine set by
~ 2
1a) = () Si, (10, 117)
k=1
and then F =TI(X). We use the same coding for matrices of our system: give a word i € X,
denote A(i,)=A; - A; ,or A(i) when i€ .#*. In this case, we denote the length of i by

[i].

5.3 Diagonal-antidiagonal systems

In this section we will consider self-affine systems of the form S;(x) = A;x + ¢; indexed
by a finite alphabet .# = {1,...,d}. Here, the linear parts of the maps are contracting

non-singular 2 x 2 matrices with non-negative entries of the form

e 0
o b
for i <[ and
Ai: 0 a;
b; 0

fori=>1.

In this section we describe the construction as well as the structure of Kaenmaki mea-
sures. For a linear transformation T': R? — R?, recall that its singular values can be
defined as the length of the semiaxes of the ellipsoid T'(B(0,1)). If we write them in

descending order, denote them by
1>a1(@) > as()>0.
For s €(0,2], let ¢°: .#* — R* be the Falconer potential:
i) if s (0,1
(pS(i) — { al(l) 1Irs ( )

a1(D)as(i)s™ 1 ifsell,2]
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It is easy to see that ¢° is subadditive: ¢°(ij) < ¢°(1)¢®(§). With this we can define the

subadditive pressure by

1
P(s)= lim —log( Z @°()
nmoon iegn
Assuming that P(2) < 0, the affinity dimension is defined as the value s* such that
P(s*)=0. From|5.2.12]it follows that for each s, there is a unique ergodic Borel probability

measure m® and a constant C =1 such that
C—le—P(S)k(pS(i) g mS([i]) < Ce_P(S)k(ps(i)

for i € .#*. The measure m® can be projected to a measure u® on F by setting u*(A) =

m*(IT"1(A)) for every measurable set A.

The structure of the Kaenmaki measures for these particular systems was described in
[FJJ18]: the authors construct a graph directed system (GDS) on the alphabet {1,...,2d}

and with matrix

1 ifiefl,...,[-1tul{d+I,...,2d}and j <d
AG,j)=4 1 ifief{l,...,d+l-1}and j>d

0 otherwise.

We denote the symbolic space of this GDS by X 4. With this GDS, it is possible to keep
track of the orientation of the linear part of S; for each i € .#*. We send each sequence

i€ X to an element in X4 given by 7(1) =1(i1i2...) = (71(1)712(i)...) where 71(i) = i1 and

J if dil<g >
Tm(i):{ im  if card{1</ ij>1} is even

<m-1:
im+d ifcard{1<j<m-1:i;>1}isodd

If the linear part of Sj), is diagonal, then 7,(i) = i}, otherwise 74(i) = iz + d. In this way,
if the linear part of Sj), is diagonal, the last digit of 7(i)|,, is less or equal to d, while if it
is anti-diagonal, it is greater than d. It is easy to see that 7 is injective but not surjective.
The image of 7 is the set of sequences with first digit at most d. The complementary

function to 7, defined by w(i) = w(i1i2---) = (w1(A)ws()...), w1(i) =i1+d and
@ im+d ifcard{1<j<m-1:i;>1}iseven

wn{) =
" im if card{1<j<m-1:i;>1} is odd

Similarly to 7, w is injective but not surjective; in fact, its image consists of all the

sequences in X4 starting with digits greater than d. It follows that X4 = 7(Z) U w(X).

106
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As observed in [FJJ18], the system (X4,0) is mixing. In particular, this implies the
existence of Gibbs measures for regular enough potentials (see [Bow08]]). Define the

locally constant potentials f1,,f2s: 24 — R by

sloga;, ifii=d

(i) =
Fis {slogbil_d ifii=d+1

and

£l _{ slogh;, ifii<d
»S -

sloga;,—q ifi;=d+1
for s €(0,1), and

. loga;, +(s—1)logb;, ifi;<d
fl,s(l) = in.
logb;,—q +(s—1)loga;,—q ifi;=d+1

and

. logb;, +(s—1)loga;, ifi;<d
f2,s(1) = L
loga;,—q +(s—1)logb;,—q ifi;=d+1
for s €[1,2]. The Gibbs measures associated to these potentials are denoted m1 and my
respectively. Since 7 is injective, we can define a measure on X by v(E) = m1(1(E)) +
mo(t(E)) = m1(t(E))+m1(w(E)) for every measurable set E. We summarize the properties

of v obtained in [F'JJ18]:

Theorem 5.3.1. The measure v is the unique Kaenmaki measure for ¢°, that is, v=m?.
The topological pressure of the potentials f1s and fa s coincides with the subadditive

pressure P(s).

With this description of the Kaenmaki measure in mind, we examine some statistical
properties of it. We first prove that m® is not mixing. Using a different description, it
was proven in [Morl7] that a similar class of systems is not mixing with respect to the

equilibrium measure. To prove it in our context, we will need the following lemma:

Lemma 5.3.2. For any finite length word i € .#, the image of the cylinder [i]l under t or w

is a cylinder in Z 4.

Proof. Fix such word i and consider the cylinder [i]l={x € Z :x1 =1i1,...,%% = i%}. The

image of [i] under 7 is contained in the cylinder [i1,72(i),...,7z(i)]. On the other hand, if
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z€li1,12(),...,7({1)], then z1 =i1,29 = 19(1),...,2; = T1(1). Define j€ X by j1 =2z1,...,Jr =

zp and
) Zn, ifz,<d
Jn =
zn—d, ifz,>d.
Then 7(j) =z and so t[i] =[i1,12(),...,7:{)]. n

From this it follows that
Lemma 5.3.3. For any finite length word i€ .#,

o "lil = o "(z[iD),
where o 5 denotes the shift operator on 2 4.

Theorem 5.3.4. The measure m?® is not mixing.

Proof. Fix two cylinders [a] =[a1,...,ar],[b]=1[b1,...,b/] < X and let € > 0 small enough
so that

milr(@)lmalr(b)]+ malr(a)lm1[r(b)] - 2¢ > 0.

Since m1,mg are Gibbs measures, they are mixing (see [Bow08]), and hence, there is
ng € N such that

|m; ([r@]1n o} [t(b)]) — m;[t(a)lm;[t(b)]| <
for i € {1,2} and n = n(. Since 7 is injective

v([alno " [b]) = m1 (r([aln o "[b))) + ma (r([aln o~ "[b])
=m1 (rlalnto™"[b]) + mg (rlalnTo~"[b])

=m ([r(@)]1n UAn[T(b)]) +mg ([1(@)]N GAn[T(b)]) .
On the other hand,

vlalv[b] = (milr(a)]+ me[r(a)) (milr(b)] + ma[t(b)])

=milr(@)]mi[r(b)]+ maolr(a)lmalr(b)] + mi[r(a)lmalr(b)] + maolr(a)lm[zr(b)].
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We obtain then

v(laln o "*[b]) - v[alv[b] = (m1([t(@)] n 0 ;" [t(b)]) - m1[r(a)lm1[z(b)])
+ (ma([r(@)] N o " [1(b)]) — malt(a)lmalt(b)])
—(milr(@)Imalr(b)]+ malr(a)lm[r(b)]).

Thus,
|v(lalno~"[b]) — vlalvib]| > (m1[t(a)lmalr(b)] + malt(a)lm1[r(b)]) — 2¢ > 0

and consequently m = m® cannot be mixing. |

We consider now the problem of shrinking targets for self-affine systems. We focus on
targets given by shrinking cylinders. Fix an infinite word j € £ and a non-decreasing
sequence /1, and define the targets by 2%, = [jl,,]. The recurrent set associated to this

family of targets is defined as

R()={x€X:0%(x) € B, for infinitely many & € N}
={xeX: ak(x)lek =je, for infinitely many % € N}
=limsupR(j, k),

k—o0
where R(,k) = {x € 2 : 0% (x)| ¢, =Je,}- The recurrent set can be projected onto the self-

affine set:
RI1G)) = I(RG)).

In [KR18], the authors study the dimension of recurrent sets for shrinking targets asso-
ciated to a self-affine system. In their setting, the maps satisfy a domination condition:

there exists a constant D such that
@*(ij) = Dp*()e().
This condition implies that the Kdenméki measure behaves essentially like a Gibbs

measure, and hence the same techniques can be used. In particular, the authors follow
the ideas of [CKO1] to prove the following 0 — 1 law:

Theorem 5.3.5. Let j € X and ¢}, an increasing sequence. If m = m! and p = u’ are the
Kdenmdki measures (on X and F respec) corresponding to the value of t such that P(t) = 0.

Then the measure of the set R(I1(j)) is either 0 or 1 according to wether the sum

(o]

Y ule,D

k=1
converges or not.
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We show that this result also holds in our setting. For this, we recall the analogue result
proved for Gibbs measures by Chernov and Kleinbock. We formulate their result in our

context:

Theorem 5.3.6. Let (X', 0) be a topologically transitive topological Markov shift and 1 is

a Gibbs measure on X'. Assume {C}} is a sequence of nested cylinders in X' and
o0
> Cp) =oo.
k=1

Then {C}} is a strong Borel-Cantelli sequence: if x, is the indicator function of 0 "C,,
then

M 1
Y (AR

u-almost everywhere. Moreover, if we denote Sy = ZI,Y: 1Xn(x) and En = Zf;’zl w(Ay),
SN = EN +0 (E%z 10g3/2+6EN) .

In particular, the result above shows that the recurrent set for the shrinking targets

defined by the nested cylinders has full measure if the sum converges.

Theorem 5.3.7. Under the assumptions above on the self-affine system, then v(R(I1(j)))

and m(I1(j)) are either 0 or 1, according to the convergence or diverngence of the series
o0
Z m([jle, D.
k=1

Proof. Assume that the sum ZZ":lm([jl ¢, 1) converges. Since m is shift invariant, we
have that

mRG, k) =mjls,].

Then the Borel-Cantelli lemma implies that both R(j) and R(j) have full measure.

Suppose now that the sum Y2 m ([jl¢,]) diverges. By theorem we can write the

i m ([jle,]) = i m (¢ [ie,]) + im am
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which implies that one of the two sums on the right hand side diverges. Without loss of

generality, assume the sum with respect to the measure m diverges, that is,
o0
> mi(t[ie,]) = co.
k=1
Since m1 is shift invariant, we have that
mi (3" [tGle,]) =m1[t()le,]

for all k.
The above remark implies that the nested sequence of cylinders {[7(j,, )]}z and the Gibbs

measure mi on X4 satisfy the conditions of theorem [5.3.6, and hence,
. ks _
mi (hmsupaA [rjlgk]) =1.
k—o0
Since 7 is injective,
limsupo* [7jls,] =7 (limsupa'k [j|gk]).
k—o0 k—oo

We obtain then

m |limsupo* [jlzk]) =m (T (limsupa_k [j|gk])) +mg (T (liﬁsupo_k [jl[k]))

k—o00 k—o0 oo

>mq (limsupagk [Tj|gk]) =1

k—o00

from which we conclude the result. [ |
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